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For 0<~y<1 and graphs G and H, write G —~ H if any y-proportion of the edges of G spans
at least one copy of H in G. As customary, write K" for the complete graph on r vertices. We
show that for every fixed real >0 there exists a constant C=C(n) such that almost every random
graph Gy, p with p=p(n) > Cn—2/5 satisfies Gup —2/344 K*, The proof makes use of a variant of
Szemerédi’s regularity lemma for sparse graphs and is based on a certain superexponential estimate
for the number of pseudo-random tripartite graphs whose triangles are not too well distributed.
Related results and a general conjecture concerning H-free subgraphs of random graphs in the
spirit of the Erdds—Stone theorem are discussed.

0. Introduction

A classical area of extremal graph theory investigates numerical and structural
problems concerning H -free graphs, namely graphs that do not contain a copy of a
given fixed graph H as a subgraph. Let ex{n, H) be the maximal number of edges
that an H-free graph on n vertices may have. A basic question is then to determine
or estimate ex(n,H) for any given H and large n. A solution to this problem is
given by the celebrated Erdés—Stone theorem, which implies that, as n -— oo, we
have

(1) ex (n, H) = (1 - ;@%—_—I + 0(1)> (Z)

where as usual x(H) is the chromatic number of H. Furthermore, as proved
independently by Erdds and Simonovits, every H-free graph G = G™ that has as
many edges as in (1) is in fact ‘very close’ (in a certain precise sense) to the densest
n-vertex (x(H)—1)-partite graph. For these and related results, see, for instance,
Bollobss [2].
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Here we are interested in a variant of the function ex(n,H). Let G and H
be graphs, and write ex(G, H) for the maximal number of edges that an H-free
subgraph of G may have. Formally, ex (G, H)=max{e(J): H ¢ JCG}, where e(J)
stands for the size |E(J)| of J. Clearly ex(n, H)=ex{K"™,H). As an example of a
problem involving ex (G, H) with G# K", let us recall that a well-known conjecture
of Erd8s states that ex(Q™,C*) = (1/2+0(1))e(Q™), where Q™ stands for the n-
dimensional hypercube and C* is the 4-cycle. {For several results concerning this
conjecture, see Chung [4].)

Our aim here is to study ex(G,H) when G is a ‘typical’ graph, by which we
mean a randomn graph. Let 0 <p=p(n)<1and 0 <M = M(n) < N = (3} be
given. The standard binomial random graph G, = Gnp has as its vertex set a
fixed set V(Gyp) of cardinality n and two such vertices are adjacent in G) with
probability p, with all such adjacencies independent. The random graph Gy =
Gn M is simply a graph on a fixed n-element vertex set V(G ) chosen uniformly at

random from all the ( Aj\é) possible candidates. (For concepts and results concerning
random graphs not given in detail below, see e.g. Bollobds [3].) Here we wish to
investigate the random variables ex(Gp p, H) and ex(Gp p, H).

Let H be a graph of order |H| = |V(H)| > 3. Let us write do(H) for the
2-density of H, that is

do(H) = max {Eﬁﬂi L JCH, | = 3}
|J] -2

Given a real 0 <e <1 and an integer r > 2, let us say that a graph J is e-quast
r-partite if J may be made r-partite by the deletion of at most ge(J) of its edges.
A general conjecture concerning ex (G p, H) is as follows. For simplicity, below we
restrict our attention to the binomial random graph Gpp. Much of what follows
may be restated in terms of Gy, pr. As is usual in the theory of random graphs, we
say that a property P holds almost surely or that almost every random graph Gn 4
or G, ) satisfies P if P holds with probability tending to 1 as n— oo.

Conjecture 1. Let H be a non-empty graph of order at least 3, and let 0 < p =
p{n) <1 be such that pnt/d2H) _, o0 as n— o0, Then the following assertions hold.
(i) Almost every Gy satisfies

(2) ex (Gnp, H) = + 0(1)) e(Gnp)-

(-

(ii}) Suppose x(H) > 3. Then for any € > 0 there is a § = §{¢} > 0 such that
almost every Gy p has the property that any H-free subgraph J C Gpp of Gnp

with e(J) > (1 —8)ex(Gnp, H) is e-quasi (x(H) — 1)-partite.

Recall that any graph G contains an r-partite subgraph J C G with e(J) >
(1—1/r)e(G). Thus the content of Conjecture 1(i) is that ex (Gy p, H) is at most
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as large as the right-hand side of (2), or, in other words, that Gy p —~ H holds
almost surely for any fixed v>1-1/(x(H)—1). There are a few results in support
of Conjecture 1(z).

Any result concerning the tree-universality of expanding graphs or else a sim-
ple application of Szemerédi’s regularity lemma for sparse graphs (see Lemma 4

below) give Conjecture 1(4) for forests. The cases in which H=K? and H=C* are
essentially proved in Frankl and Rodl (5] and Fiiredi (6], respectively, in connection
with problems concerning the existence of some graphs with certain extremal prop-
erties. The case in which H is a general cycle was settled by Haxell, Kohayakawa,
and Luczak {8, 9] (see also Kohayakawa, Kreuter, and Steger [12]). Conjecture 1(i)
in the case in which 0 <p <1 is a constant follows easily from Szemerédi’s regu-
larity lemma [16]. A variant of this lemma for sparse graphs (cf. Lemma 4 below)
and a lemma from Kohayakawa, Luczak, and R8dl [13] concerning induced sub-

graphs of bipartite graphs may be used to verify Conjecture 1 for H = K3 in full.
(See comments following Conjecture 23 for further details.) Still in the case in

which H = K3, for 0 < p< 1 sufficiently close to 1 /2, a much stronger result than
Conjecture 1(#i) was proved by Babal, Simonovits, and Spencer [1]. Finally, let us
note that a result concerning Ramsey properties of random graphs in the spirit of
Conjecture 1 was proved by Rédl and Rucinski [14, 15].

Here we prove Conjecture 1(4) for H=K*. Our results are as follows.

Theorem 2. For any constant 0<n<1/3, there is a constant C =C(n) for which the
following holds. If 0 < p=p(n) <1 is such that p> Cn~%/5 for all large enough n,
then almost every Gp =G p is such that Gy, —9/34n K4

Corollary 3. For any constant 0 <n<1/3, there is a constant C = C(n) for which
the following holds. If 0 < M = M(n) < (g) is such that M > Cn8/° for all large
enough n, then almost every G s =Gy, pr is such that Gy —2/341 K4,

In Section 6 below, we formulate an auxiliary conjecture (Conjecture 23) that,
if proved, would imply Conjecture 1 in full for all graphs H.

Finally, let us mention that Conjecture 1, if true, would immediately imply
the existence of very ‘sparse’ graphs G satisfying the property that G —, H for

any v>1-1/(x(H)-1). A simple corollary of Theorem 2 is that, for any 5> 0, there
is a graph G =G, that contains no K° but we have G =934y K* (see Section 5).
Erdés and Nesetfil have asked whether such graphs exist.

This paper is organised as follows. In Section 1.1 we give a short outline of the
proof of our main result, Theorem 2, and in Section 1.2, some preliminary results
are given. In Section 2 the distribution of triangles in random and pseudo-random
graphs is studied. In Section 3 we prove a key lemma in the proof of our main
result, Lemma 16. Theorem 2 is proved in Section 4. In Section 5 we discuss a
deterministic corollary to Theorem 2 concerning the Erdds—Nesetfil problem. Our
last paragraph contains Conjecture 23.
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1. Outline of Proof and Preliminaries
1.1. Outline of the proof of Theorem 2

The proof of our main result is somewhat long and hence, for convenience, in
this section we describe its main steps. Here we try to avoid being too technical.

The proof of Theorem 2 naturally splits into two parts. Suppose p =p(n) >
Cn~2/5, where C is some large constant, and let H be a spanning subgraph
of Gp=Gnp with ‘relative density’ e(H)/e{Gp) > . Let us say that two vertices z,
y € Gy are K* -connected by H if there are two other vertices z1, z9 € H such that
both {z,z1,20} and {z1,22,y} induce triangles in H. Sometimes we also say that
such a pair zy is a pivotal pair.

In the first part of our proof, we show that the number of pairs of vertices =,
y € Gp that are K*-connected by H is roughly at least (2A—1)(3), as long as C is a
large enough constant. The precise statement of this result is given in Section 3.2,
Lemma 16. The second part of the proof consists of deducing our Theorem 2 from
Lemma 16. This part is less technical than the first, and is also considerably shorter.
The method used here was inspired by an argument in Rédl and Ruciiski [15], and
a version of this technique was used in Haxell, Kohayakawa, and Luczak [8]. Let
us give a brief description of this method.

Thus let Gp = Gp,p be the binomial random graph with p = p(n) > on~2/5,
where C is some large constant, and let a constant 0 < 7 < 1/3 be fixed. For
simplicity, let us also assume that p=p(n) — 0 as n — co. We may write Gp as
the union of k£ independent random graphs G;{n (1 <j<k), where k is some large
constant to be carefully chosen later. Since p = o{1), below we may ignore the
edges of G = Gzl,1 U...UG;@1 that belong to more than one of the G3,. Let us
now ask an ‘adversary’ to choose a subgraph H C Gy, of G, of size at least Ae(Gp),

where A = 2/3 -+ 17, or, equivalently, let us ask our adversary to choose a set of
edges F' C E(Gp) with [F[> Ae(Gp). Our aim is to show that such a set F' must

span a K4,

Instead of asking our adversary to pick F directly, we ask him to pick
Fn E(G%l) for all j. For some jo, we must have !FﬂE(G;}i))] > Ae(Gp, Jo)-
We may in fact ask our adversary to pick first jo and Fj, = F' N E(G{ﬁ), and
leave the choice of FI"IE(G{,I) {(j # Jjo) for later. By Lemma 16, we know that at
least ~ (22 =1)(5) =(1/3+2n)(5) edges of K™ join pairs of vertices that are K%
connected by Fj,. We now show el :Uj#ju G%l to our adversary, and ask him to
pick FNE(G’). Note that, with very high probability, at least 1/3+n of the edges
of G’ will be formed by K*-connected pairs, and if our adversary puts any of these

edges into FNE(G'), then F will span a copy of K*. However, since G/ contains
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an extremely large proportion of the edges of G (we choose k very large), our ad-
versary is forced to pick at least 2/3 of the edges of G, and hence he is forced to
‘close’ a K* by picking a K*-connected pair zy for an edge of H.

Let us close this section with a few words on the proof of Lemma 16. Recall
that in that lemma we are concerned with estimating the number of K 4 _connected

pairs induced by subgraphs of random graphs. A very simple lower bound for the
number of such pairs induced by an arbitrary graph H, is given in assertion (¥)
in Section 3.1. This estimate is far too weak to be of any use when dealing with
subgraphs of random graphs, but a weighted version of this estimate, Lemma 15,
is important in the proof of Lemma 16. Another important and a much deeper
ingredient in the proof of Lemma 16 is a version of Szemerédi’s regularity lemma [16)
for sparse graphs; see Lemma 4 in Section 1.2 below. A simple application of
Lemmas 4 and 15 allows us to focus our attention on certain e-regular quadruples.
The key lemma concerning such quadruples is Lemma 17 in Section 3.2. The proof
of Lemma 17 is based on certain results concerning the number and the distribution
of triangles in random and pseudo-random graphs. Section 2 is entirely devoted to
those results. The main lemmas in Section 2 are Lemmas 7 and 10.

1.2. Preliminaries

Let a graph H = H™ of order [H| = n be fixed. For U, W C V = V(H)
with UNW =0, we write E(U,W)=Ey(U,W) for the set of edges of H that have
one endvertex in U and the other in W. We set e(U,W)=eg (U,W)=|E(U,W)|.

The following notion will be needed in what follows. Suppose 0 < 5 <1
and 0 < p < 1. We say that H is n-upper-uniform with density p if, for all U,
W CV with UNW =0 and U}, [W| > nn, we have eg(U,W) < (1-+n)p|lU[|W|.
Clearly, if H is n-upper-uniform with density p, then it is also n’-upper-uniform

with density p’ for any n <7/ <1 and any p <p’ <1. In the sequel, for any two
disjoint non-empty sets U, WV, let

dpp(U, W) = eg (U, W)/plU||W|

be the p-relative density or, for short, the p-density of H between U and W. Now
suppose € >0, U, WCV, and UNW =§. We say that the pair (U,W) is (e, H,p)-
regular if for all U' CU, W/ CW with [U’| >£[U| and |W'|>¢|W| we have

lde(U', W) — dgp(U,W)| <e.

We say that a partition P = (V;)& of V = V(H) is (e,k)-equitable if |Vp| < en,
and |Vi|=...=|Vg|. Also, we say that Vp is the ezceptional class of P. When the
value of € is not relevant, we refer to an (e, k)-equitable partition as a k-equitable
partition. Similarly, P is an equitable partition of V if it is a k-equitable partition

for some k. Finally, we say that an (g, k)-equitable partition P = (V;)Ig of V is
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(g, H,p)-regular if at most E(g) pairs (V;,V}) with 1<i<j <k are not (g, p)-regular.
We may now state an extension of Szemerédi's lemma [16] to subgraphs of -upper-
uniform graphs. (The fact that this extension of the regularity lemma holds has
been observed independently by Kohayakawa and R&dl; for other sparse variants
of that lemma, as well as for further comments on them, see [11].)

Lemma 4. For any given € > 0 and kg > 1, there are constants 1 = n(g,kg) >0
and Ky = Ko(e,kg) > ko that depend only on ¢ and kg such that any n-upper-
uniform graph H with density 0 <p<1 admits an (g, H,p)-regular (e,k)-equitable
partition of its vertex set with kg <k< K. [ |

Using standard estimates for tails of the binomial distribution, it is easy to
check that a.e. Gy is n-upper-uniform with density p for any constant 0 <5 <1
if d=pn is larger than some constant do=dgy(n). The interested reader is referred
to Section 3.2 of [7] for further discussions and a more precise result.

Let us introduce a piece of notation before we proceed. If Uy,...,U, CV(J) are
pairwise disjoint sets of vertices of a given graph .J, we write J{Ux,...,Up] for the ¢-
partite subgraph of J naturally defined by the U; (1<i<¢). Thus, J[Uj,...,Up has
vertex set U% U, and two of its vertices are adjacent if and only if they are adjacent
in J and, moreover, they belong to distinct U;.

Now suppose we have real numbers 0 < p <1, 0<e <1, 0< 9 <1 and
an integer m > 1. Suppose the above U; (1 <14 < ¥{) all have cardinality m, and
write ;5 for the p-density dj,(U;,U;) for all distinct ¢ and j. Suppose L is a graph
on [{]={1,...,£} such that, for any 1<i<j </, the pair (U;,U;) is (¢, J,p)-regular
and ~y;; >0 whenever ij € E(L).

We may now state our next lemma. In what follows, we write Oq(z) for any
term y satisfying |y| <z. Also, as usual, we write A=A(L) for the maximal degree
of I and we write I' y(x) for the J-neighbourhood of a vertex z € V' (J).

Lemma 5. Let J, L, and the sets U; (1 <i<¥{) be as above and let A = A(L).
Suppose 0 < e <1/(2A+1) and put = (2A+1/v0)e and p =2Ae. Then there
are sets U; C U; with |U;| > (1 —p)m for all 1 <4 <{ such that, for all z € U; and
any 1<i</{, we have

(3) dij(z) = [Ty () N Tj] = (1 + O1())vispm

for any j with ije E(L). [ |
Lemma 5 above is very similar to Lemma 2 in (7}, and hence its rather ele-

mentary proof is omitted. We close this section with a very simple large deviation

inequality for the hypergeometric distribution. This inequality will be used in Sec-
tion 2.1 below.
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Lemma 6. Let 1<a<n and 1 <t<r<n be integers, and suppose R C [n] is an
r-element subset of [n]={1,...,n} chosen uniformly at random. Then

P(IRN o] > 1) < (E‘—_C:ﬂ)t (:) ]

2. Triangles in Pseudo-Random and Random Graphs
2.1. The counting lemma

Let m > 1 be an integer. In this section we shall consider a fixed triple V =
(V1, Vo, V3) of pairwise disjoint sets with m/2<m;=|V;|<m for all i€ {1,2,3}. We
shall also suppose that 0 <p=p(m) <1 satisfies pm > m1/2+1/logloglogm £, ]} large
enough m and, moreover, that p=0(1) as m — oo. In this section, all the asymptotic
notation refers to m— oo, Our aim is to estimate from above the number of certain
pseudo-random tripartite graphs F' with tripartition V (F) = ViUV,UV3 that contain
unexpectedly few triangles given the number of edges that they have, or else whose
triangles are not too regularly distributed.

Before we may describe precisely which graphs F' are of interest to us, we
need to introduce a few definitions. In what follows, indices will be tacitly taken
modulo 3 when convenient. Let 0< 6 <1 be given. Suppose e€ Ep(V;_1,Viy1)=

E(F(Vi-1,Vit1]) (1€{1,2,3}) and let k3(e) =k< (e) be the number of triangles of F
that contain e. We shall say that e is (8, K2)-poor if

kg(e) < (1= 6)dpp(Vi, Vie1)dpp(Vi, Vi1 )pPm,.

The graph F is (6, K3)-unbalanced if, for some i € {1,2,3}, the number of (8, K3)-
poor edges in Ep(Vi_1,V;p1) is at least Sep(Vi1,Vip1) = 8|Ep(Vi_1,Viq1)]. For
simplicity, below we write v =dp ,(Vi~1,Vit1) (i€{1,2,3}) and, if z€ V; and i#
j€{1,2,3}, we let dj;(z) =T p(z)NVj].

Now suppose integers m and 7" and real constants 0 < £ <1, 0 < 7 < 1,
and 0<g<1 are given, and let V=(V1,V5,V3) and m=(m1,mo,m3) be as above.
Let us write #,(¢,%9,0,T) =%,(£,70,8; V,T) for the set of tripartite graphs F with
tripartition V (F) =V, UVaUV3 that satisfy the following properties:

(i) (V1,Va,V3) is an (&, F,p)-regular triple,
(%) 70S7i:dp,p(‘/i_1, Vir1) <2 for all i€{1,2,3},
(#i) dij(z) =T p(z)NV;|=(1+01(8))vrpm; for all z € V; and any choice of i, j,
and k such that {7,7,&}=[3],
(i) F has size e(F)=|E(F)|=T
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Moreover, for any given 0 <6 <1, let 92(5,%,@,T) =9”2(E‘,%,§;V,T) be the set of
(8, K3)-unbalanced graphs F in %5(,70,8,T). Put

(8,50, 6:m, T) = |F5(2, 70,5 V, T)|.

Sometimes the labelling of the vertices of the graphs in %,(£,%,5V,T) or in
?g(s‘, 30,8; V,T) is not relevant, and in that case we may replace V by m in our
notation.

Our crucial counting lemma is as follows.

Lemma 7. Let 0 < o<1, 0 <3 <1, and 0 < § <1 be given. Then there is a
constant ¢ = eg{e,%0,8) > 0. that depends only on «, 9, and 6, for which the
following holds. Suppose 0 <p=p(m)<1 is such that p> m~1/2+1/logloglogm f,,.
all large enough m and, moreover, p=o0(1) asm—oo. Then, if p< gy =6§/27, E<eyp,
and m is sufficiently large, we have

o _ 3m?
£3(&,50,8m, T) = |F5(&,70, ;m, T)] < aT( T )

for all T and all m=(my,mg,m3) withm/2<m;<m (1€{1,2,3}).

Most of the rest of Section 2.1 is dedicated to the proof of Lemma 7 above.
Our general strategy in this proof is as follows. We randomly generate a tripartite
graph F' with tripartition V{(F)=ViUVaUV3 and size e(F)=|E(F)|=T, and show
that the probability that the graph we obtain will be a member of 9;5,(5, Y0,8,T)
is suitably small. We generate F' in steps: we first generate F[V5,V3]. We then
generate F[V1,V3] and analyse the structure of the graph F[Vi,V3|UF[Va, V3]. We

then finally generate F[Vi,Va] and show that the appropriate probability is indeed
small.

Let us now make precise the process by which we generate F. We first of all
fix a partition T =Ty +To+T3 of T such that, putting v; = T;/pm;—1miy1, we
have 9 <+v; <2 for all 1€{1,2,3}. Note that, because of condition (i) above for F,
we may disregard the T for which such a partition does not exist. Let us suppose
that the bipartite graph Fyg = F[Va, V3] has been fixed, and that the following

properties hold (cf. (i)—(iv) above): (a) the pair (Vo,V3) is (&, Fy3,p)-regular,
() dij(2) =Ty () NVj] = (1+01(2))v1pmy for all x € V;, where {i,5} = {2,3},
and {c) e(Faz)=T1.

_ We now fix the degree sequence for the vertices z € V1 in the bipartite graph
F[V4,V3], and generate this graph respecting this sequence. Thus let (d13(z)) ¢,
with Zme\‘/l di3(z) = Ty and diz(z) = (1+ 01(8))y2pms for all z € V] be fixed,
and generate the bipartite graph Fi3= F[Vj, V3] by selecting the neighbourhoods
Ip.(z) € V3 (z € V1) randomly and independently for all z € V1. Thus, for
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every x € Vi, all the di3(z)-element subsets of V3 are equally likely to be chosen as
the neighbourhood of = within V3. We now analyse the structure of Fj3U Fh3 =
FVi, V3]UF[Va, V3.
For convenience, let us put d;; = Ave cp.dij(z) = T/m; = yppm; for all 4,
J, and k with {7,7,k} = [3] and k # 3. Put also dj3 = vapm3 and dag = v1pms.
Thus dy3(z) = (14+01(@))d13 for all z € V7, and dag(y) = (1+01(@))da3 for all y € Va.
Let 0< (1 <1 be given. For all z€ V7, put

Vo= Valz, 1) = {y € Va1 o{z,y) < —Pidisdaz/m3},

where o(x,y) =d(x,y)—di3das/m3=|I"p, (x)NI" gy, (y)|—d13da3/m3. Note that the
set Va(z,81) is defined in such a way that the following fact holds: if e=xy (z€ V4,
y€Va) is an edge of F, then e is a (81, K3)-poor edge if and only if y € Va(x, 81).
Now let 0 < B2 < 1 be given. Below we say that z € V; is (81, 082)-faulty
if 1172(;1:,,6’1)[ > (ameg. Note that, clearly, since we are conditioning on Fhy =
F[V5, V3], the event that a vertex = € V; should be (81, 32)-faulty depends only
on the random set ', (x) C V3 that is chosen as the neighbourhood of = within V3.

Our next lemma is the key technical result in the proof of the main lemma in
this section, Lemma 7.

Lemma 8. Suppose the constants 0< 31 <1, 0<F2<1, 0<9<1,0<<1, and 0<
0 <1 are such B102 > 27, B2p <€, and [y <%y. Then, for all sufficiently large m,

the probability that a given vertex z€Vy is (81, 02)-faulty is at most (SEE/ﬂ2)d13.

Proof. Let us fix £ € Vi, and assume that ]ffg} = ]Vg(m,ﬂl)[ > fBamsa. Let 1720 cV

be such that /g =|Vy|=[famsa]. The following assertion, whose proof we omit, is
very similar to Lemma 5.

Assertion 1. There exist sets T_/Q' C 1720 and ng c V3 for which we have mfz = IVZ’] >
(1—-2¢/B2)1ng and mf=|V{| > (1—2¢)mg, and furthermore

i 3¢
(1 i) = M) 17 = (1401 (7)) s
for all y€ Vf_)’ , and

(5) di() = [Ty () N 73] = (1 e (%;)) Badsy

for all z€Vj.

Using Assertion 1, we prove next that there exists a small set Y of vertices
from V5 whose Fhz-neighbourhood uniformly cover essentially all of V3. We need
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to introduce some notation. Let us set w = w(m) =m!/108l08m 4n4 let @Y ()=
[T g, (2)NY| for all Y C V3 and all z€ V3. Put also

= VY) = {z €y d¥(s) = (1 + 0y (%)) w}
2
for all Y C V5.

Assertion 2. There is a set Y CVy of cardinality g=|Y|=(1+01(38/82))wma/d32
such that |V§'|=|VJ'(Y)| > (1 —2&)mg, and such that

(6) dlg’g,(?/) = IFF23 (y) n Vél‘ Z (1 - %) d2s

&

for all yeY.

Let VQ’ and VB{ be as in Assertion 1. To prove Assertion 2, we construct Y by
randomly selecting its elements from the set VJ C Va. Let py =py(m)=w/Badzs.

Note that 0< py <1 for all large enough m. Put the vertices of V; into ¥ randomly,
each with probability py, and with all these events independent. The expected

cardinality of Y is then
2e wmsg
(D < "\ B daa

and the expected degree of a vertex z GV?: into ¥V is

E(dY (2)) = (1 +01 (%)) w.

From standard bounds for the tail of the binomial distribution, we may deduce that
there is a set Y CVj C Vy such that ¢=|Y] is as required in Assertion 2, and such
that every z € V4 satisfies d¥ (z) = (14+01(48/B2))w. Note that, for such a set Y,

we have V§ c V{' =VJ(Y), and hence |V3'| > V4| > (1 - 28)m3. It now suffices to
notice that every y€Y is such that

_ — 3¢
o) = ) N 1 2 ) 51 2 (1= 5 ) i
since y €Y C V3 and relation (4) in Assertion 1 holds. This completes the proof of

Assertion 2.

Assertion 3. The probability that our fixed vertex r € V| admits a set Y as in

Assertion 2 is at most (455:/[32)(113_

Let us first sketch the idea in the proof of Assertlon 3. Roughly speaking, the
set Y is such that the neighbourhoods I',, (y)NV; 4 of the vertices y €Y within V3
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are about of the same size, and the vertices in Vé’ are, by definition, covered by

those sets quite uniformly. Now, since the vertices in Y are all in Va, we have that
the neighbourhood T' g, (z) of = within V3 intersects all the neighbourhoods T g, ()

(y€Y) too little. Thus, it intersects the sets ' g, (y) V4 too little as well, and
this is possible only if it in fact intersects V' in an unexpectedly small set. It then

suffices to estimate the probability that g, () NVy' should be as small. Let us
now formalise the argument above.

Assume that a set Y as in Assertion 2 exists. We consider the vectors g=g% =
(9= )Zevu and f¥=( z)zevu (yeY) with entries

gz = 1 ifz € ijls (:E)
—dy3/m3 otherwise,

and

7= 1 if z€I'p,, ()
z ~daz/m3  otherwise.

We first estimate £, ZZyEY 1Y for ze VJ'. For any fixed 2€ V', we have

6= = () - B -} = (14 ) () - 228

yey m3

d 4 :
(1+-2—3> (1+Ol ( E))w— dasq
mg o ms
We have do3 = vipm3z = o(mg3), and, since dp3/mg = T1/mom3 = d3z/ma, we
have dyzq/m3=(1+01(3&/62))w. Therefore

4z 3¢ 8¢
£ < (1+0(1)) <1+E>w— (1_E2_> SEUJ

for large enough m, and similarly £, > —(8&/2)w if m is sufficiently large. Given two
vectors a= (az)zeffg’ and b= (bz)zevsu, for convenience, we let (a,b)=3"__gna,b..
3

We now estimate 3_, .y (f¥,g). We have

Y (g = <Zf%g> = <(£z)z€‘73~,g> = > Lo

yey yeY zeVy

Therefore

> (fe)| <

yeY

7 Jegs] < —w Z |9z

z€ VII " z€ V/I
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We have from our assumptions on our constants that g < &/0 < (/27 < 1/27.
Hence

9
D lod € 30 ool < (14 2)dis + iy < s,
ze\_/:;' Z€Vy
with plenty to spare. Thus

18&
< ——wdy3.
B

(7) Y ({.e)

yey

We now give a lower estimate for the left-hand side of (7) in terms of the o(z,y)
(yeY). Let dfy(z) =T p,(z) V4’| and recall that we let dis(y) =T gy, (y) N VY|
for all y € Y. Put m§ = |VJ| and d"(z,y) =T g, (z) NT gy, (y) VY| for all ye Y.
Fix yeY. Clearly d’(z,y) <d(z,y)=|Ur,,(2)"Tp, (¥)|. Thus

dy; d
(£,8) = &"(e,9) = =2 {diy(0) - @"(z.9)} = 2 {dla(e) - & (. 0)}

dysd
+ =5 <mg — {dl3(@) + () - d"<x,y)}).
3

Write df3(z)=(1-7)d13. Recalling (6), we see that

pdiadas dy3dazmy

2

¥ g) <d -
(1,8 < dlz,y) - 2752 +

| Bediady . i3das 4 dizd”(x,y) + dosd”{x,y)

Bama ms3 mg ma
_ digdasdfs(x)  dizdaadys(y) | dizdzsd’(z,9)
m3 m3 m3

3dy3d di3d, d d: di3d
< ole,u) + cdizdyy | diadas 13+ 23d”(m}y)+o( 13 23)

Pams m3 m3 m3

where we used that, trivially, m§ <ms, and that dj3(z), da3(y), and d"(z,y) are
all o(im3), since by assumption p=p(m)—0 as m—oco. However,

dy3 + das " di3 +da3 1
—_— d(z,y) = ——-= E p.(z)NT NV
ms Z (‘L’ y) ms ( Fig (x) Fys (y) 3

yey yey

d13 + dos -
< B Z {dY(z) t z€lp,(z)N Vé’}

di3 + dos 4z
<H3TM g (1 + —E) wdy3,
ms B2
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which is o(dy3da3q/m3). Therefore
4z dy3d
(8) Z(fy,g>s—<ﬁ1—f——r) 182

Using that ¢= (14+01(3&/82))wma/d3g and that dyz/ms=d3z/ma, we deduce from
inequality (8) above that

> (Y, g) < - ()61 - %‘Z: ~r) <1+01 (%))wdw

yeyY

4z 3
(9) S—(ﬂl—E—TJrOl (B;>>wd13-

We now claim that > 2£/32. Indeed, otherwise we would have that 8 —4&/02 —
T+ 01(38/82) = 0, and hence, comparing inequalities (7) and (9), we would have
that 8y —4&/82 —7+01(38/82) <182/8,, and consequently that > 22/8,, which
is a contradiction.

Recall that df3(z) =|Tp, ()N V5| = (1 - 7)di3 and that diz(z) = | g, (z)|=
(1+01(2))d13. Also, |V3\ V| <2¢|V3]. Thus we deduce from the existence of the
set Y that at least (7 — g)d13 > 7d13/2 elements of I',{(z) C V3 are confined to a
subset of V3 of cardinality at most 2&(V3|. Thus, by Lemma 6, the probability that
such a set Y exists is at most 2(1+2)d1s (3)7d13/2 < 93d13/2(3¢)Ed13/ 02 < (45‘5/ﬁ2)d13,
completing the proof of Assertion 3.

We may now finish the proof of Lemma 8 combining Assertions 2 and 3 above.
Indeed, writing Z:] for the sum over all ¢ satisfying ¢ = (14 01(38/82))wma/d32,

we have from the above two assertions that probability that the vertex x should be
(81, B2)-faulty is, for large enough m, at most

/s N (M2 Géwmg( ma > 2/ B\ d1s
(1) ZQ(IJ> T Badzz \2wma/d32 (47)

6Ewma (edgg ) Zwma/ds2

< oo 2 (a2t/92) 5 < (5500y s
2432

where in the last inequality we used that wmg(logm)/ds2 = o(d13), which follows

easily from our assumption that pm >m!/2+1/logloglogm g4, 5)) sufficiently large m.
Thus Lemma 8 is proved. |

We are now in position to finish the proof of Lemma 7.

Proof of Lemma 7. Let us first state a simple fact concerning the Tj.

Assertion 1. For all i€{1,2,3} we have T; > (30/24)T.
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Indeed, T < Zie{l,Q,B}ViPmi—lmH—l <6pm?, and therefore, for any i € {1,2,3},
we have
Yo 2o 70
T; = ypmi_1miy1 = —pm* > —T
{ = YPMG—1M 41 2 4__?9 < ogt
as required.
Our next observation is an immediate consequence of Lemma 8 and Assertion 1.

Assertion 2. Let 0< B3 <1 be given. The probability that at least 33m, vertices
in Vi are (B1,82)-faulty is at most (()'e‘g/ﬁ?)ﬁﬂoT/24

Indeed, by Lemma 8 and Assertion 1 above, the probability in question is at

most
UO! ((5§é/ﬁ2)d13)ﬁ37n1 — 2m1 (Ss—é/ﬂg)ﬁBTl < (GEE/ﬂz)ﬁ?»'_YUT/QLL,
completing the proof of Assertion 2.

We now describe the last step in the generation of F. Recall that we have
generated FyaU Fog = F[V1,Va|U F{Va, V3] so far. Let K[Vi, V5] be the complete
bipartite graph with bipartition V3 UVa. To generate Fip=F[Vq,Vs], we randomly
pick for E(F[V4,Va]) a Ts-element subset of E(K|[V4,V3]), uniformly chosen from
all such sets.

Assertion 3. Suppose that fewer than S3m) vertices in Vi are (B1,02)-faulty. Then
the probability that at least T3 edges in Fio = F[Vi,Vs] are (81, K3)-poor is no
larger than {4(ﬂ2+,83)‘5'_70/24}T.

Recall that an edge zy € E(F[V1,V3]) (z €V, y € Vo) is (81, K3)-poor if and
only if y € Vg(x,ﬁl). The probability in question Fy is the probability that at
least §T3 edges zy € E(K|V1,Va]) (ze Vi, y€ Vo) with y& Va(xz, 1) are selected to
be elements of F13. The number of such ‘potentially poor’ edges zy in K{Vq,V3] is

at most Bymima+ (1~ 83)8amima <(f2+F3)m1ma, and hence, by Lemma 6 and
Assertion 1, we have

! 8T YT /24 5 T
Py < 2 {2(0a + 63) 17 < {4(82 + B3)° 1 T/* < {4(8a + 55)7T0/ )
proving Assertion 3.
We may now finish the proof of Lemma 7. Let the constants «, %, and &

as in the statement of our lemma be given. We then let eg = ep(e,50,8) be such
that 0<eq<6%9/27 and, moreover,

(6?5/27)%/24 log log(1/2) < ia

3~

and

— 6%0/24

27

4 =24 ‘——'—1—‘7 < “1'CV
5 loglog(1/¢) 6
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for all 0<&<eg.

We now apply Assertions 2 and 3 above with suitably chosen 8, 52, 03, &,
and g. Let 81 =46 and fix any 0<&<gg. Let 82 =276/6 <7p and [3 =1/loglog(1/e).
Recall that gy =6/27. To complete the proof, we proceed as follows: we suppose
that § < go is given and that m is sufficiently large for the inequalities below to
hold. Fix the partition T =T1+75+T5 of T', the bipartite graph Foz = F[V», V5], and
the degree sequence (d13(z)),ep, as above. Then generate Fi3 = F[V1,V3]. The
probability that at least S3m; vertices in Vi are (81, 32)-faulty is, by Assertion 2,
at most

(655//32)[33%71/24 _ (66—6/27)53'70T/24 < (E)T < laT

6/ —6
Let us now assume that fewer than B3m; vertices in Vj are (81, 2)-faulty, and let
us generate Fjo=F[V},V3]. Then the probability that 673 edges in Fyo=F[V4, V3]
are (4, K3)—poor is, by Assertion 3, at most

4 ,8 5:/0/24}T< 4(235__1_ 1 70 /24 T< (a T<1 T
{482+ ) = 5 " loglog(1/2) = E) =5

We now note that the argument above is symmetric with respect to the indices i €
{1,2,3} (note the factor ‘3’ below), and thus we may conclude that

2 2
§/= = = < 2 p(3m <ol 3m
Fhie0. eVl <3 x a7 () <aT (1),

completing the proof of Lemma 7. '}

Recall that m and T are integers, 0<£<1,0<53<1,0<6<1,and 0< <1 are
fixed reals, 0 <p=p{m) <1 is such that pm—co and p=0(1) as m — o0, and V=
(V1,Va,V3) and m = (my,mg,m3), where the V; (i €{1,2,3}) are pairwise disjoint
sets with cardinality |V;|=m; (i €{1,2,3}). Our next lemma concerns a property
of graphs F'€ #,(&,70, 0, T)\.?g(s_ﬁo,é, T'), namely, graphs F in #,(£,%9,5,T) that

are (6, K%)-balanced. For a vertex z € V(F), let k3(z)= kf(m) denote the number
of triangles of F' that contain z.

Lemma 9. Suppose F is a (6,K3)-balanced graph in Fp(€,50,0;V,T). Put § =
(26)1/2. Then, for any ic {1,2,3}, there are at most §'m; vertices = in V; such that

ka(z) = k§ () <-(1 = 8 — &")n1vav3p®mi_ymisy.

Proof. By symmetry, it suffices to prove the statement for 1 = 1. In the sequel
we freely use the notation introduced before Lemma 7. Also, let us put di; =

Ave oy dij(z) = yppmy for all 4, 7, and k with {i,5,k} = [3]. Below we say
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that a vertex x € V} is bad if at least 6d10/8' = 6'dya/2 edges in E(F[V1,Va))
incident to x are (6, I 3)—poor edges. The number of such bad vertices « € V; is at
most §'my, as otherwise the number of (8, Kg)—poor edges in E(F[V4,V5]) would be
more than §mydyy=8e(F[Vy, V3]), contradicting the fact that F is (6, K3)-balanced.

Note that an edge e = z129 € E(F[V4,V4]) (z; € Vi, i € {1,2}) that is not
(6, K3)-poor ‘contributes’ with at least k3(e) > (1—8)y1v2p?ms3 triangles to ks(zy).
Supposing that z; € Vi is not a bad vertex, summing over all xy € Vy for
which zy29 € E(F[Vy,V3)) is not a (6, K3)-poor edge, we obtain that

_ &
ka(z1) > ((1 - 9)d1g — 5d12> (1 = 6)y1v2p>m3
5 . .
> (1 -0—-6— 5) mMy2v3p mams > (1 — g — 6')y192v3p° mams.

Since, as we saw above, at most §'mq vertices 1 € Vi are bad, the proof is
complete. |

2.2. Distribution of triangles in random graphs

In this section we look at the random graph G, =Gy p and study the distribu-
tion of the triangles it contains. The aim will be to prove that the triangles of Gy, 5
do not unduly concentrate on any fixed set of edges and vertices. To be precise,
let « be any given vertex of G and let E be a set of edges of G, taken from the sub-
graph Gp[l'g, (x)] induced by the neighbourhood T'g, (z) of = in Gp. Also, let W
be a subset of vertices of Gp disjoint from {z}UV (E), where we write V(E) for the
set V(Gp|E]) of vertices of G, that are incident to at least one edge from E. Our
aim is to find an upper bound for the number of triangles k3(E, W)= k3G7’(E W)
of Gp that are determined by an edge from E and a vertex in W. Note that the ex-

pected value of this number is p?|E{|W|. We shall show that this is an upper bound
in probability up to 1+ 6 for any fixed 6 > 0 as long as F and W are reasonably
large and p=p(n) does not tend to 0 too fast.

Lemma 10. Let ¢, cg >0 and 0 <8 <1 be given. Then there is a constant Cp =
Co(c1,c9,8) that depends only on ¢y, cg, and 6 for which the following holds.
Suppose p = p(n) = wn~2/% where Cy < w = w(n) = o(nt/190). Then almost
every Gp = Gnp is such that, if B C E(Gp[l'g,(z)]) and W C W = V(Gp)\
({z}UV(E)) for some x €V (Gyp), then

(10) ks(E, W) = ks (B, W) < (1 + 6)p*|E||W|
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as long as |E|>cipn? and |W|> con.

Most of the remainder of this section is devoted to the proof of Lemma 10.
Unfortunately, our proof below is a little indirect and is based on a few auxiliary
leramas; moreover, this proof makes use of a technical condition that w should
not be too large. The obvious direct approaches based on simple large deviation
inequalities seem to fail to give Lemuna 10. To see why this might be expected, note

that (4) for the sets E and W of interest, the expected value E(ks (B, W))=p?|E||W|
of ks(E, W) is of order O(n) only, while the number of sets W that we have to handle
is exp{Q(n)}, and (i) k3(E, W) is a sum of positively correlated indicator variables
and the most common large deviation inequalities for such sums do not seem to be
strong enough for our purposes.

Let us turn to the proof of Lemma 10. For the rest of this section we assume
that p = p(n) = wn~ 2% where Cy < w = w(n) = o(n!/19%) and Cy is some large
constant. (The main result for Gp with larger p will be deduced from the small p
case; cf. Lemma 19.)

Let P3 be the path of length 2 and E* the k-vertex graph with no edges (k> 1).
We write Hy, for P3V E® (k> 1), the graph on k+3 vertices we obtain from the

disjoint union of P and E* by adding all the 3k edges between V(P3) and V (E¥).
A little piece of arithmetic shows that almost no Gy, p contains a copy of Hiy. Thus
for the rest of this section we may and shall assume that our G, , is Hig-free.

We may clearly assume that the degree of any vertex of G, = Gpp is (1+

o(1))pn, and also that any vertex of Gp is contained in at most p3n? triangles.
Furthermore, the expected number of common neighbours of any two fixed vertices

of Gp is p’(n—2) < w?n'/®. Thus, we may and shall condition on our Gy being
such that dg, (v,y)=|I'g,(z)I'g, ()| < 2w2n1/5 for any pair of distinct vertices z,
y€V(Gp). Finally, we may assume that G, is o(1)-upper-uniform.

Suppose z € V(Gp) and EC E(Gp(I'g, ()]). For a vertex y € W=V (Gp\({z}U
V(E)), let Ey be the set ENE(Gp[l'g,(y)]) of edges of E that the neighbourhood
of y in Gy induces in Gy,. Clearly, k3(E,y) =k3(E,{y})=|Ey|. We shall say that
a vertex y € W is (z, E)-bad, or simply E-bad, if E, is not an independent set of
edges.

Lemma 11. Almost every Gp is such that, for any x € V(Gp) and any E C
E(Gpl'g,(z)]), at most 10ew®n?/5 vertices are E-bad.

Proof. Fix a vertex x € V(Gp). Let us generate G, as follows: we first choose the
neighbourhood ', (z) of x in Gp, and once this set is fixed, we decide which edges

within I'g, (z) should be in Gp. Put E®) = E(Gy[l'g,(2)]), and let V(E®) c
Pg,(z) be the set of vertices in I'g,(x) that are incident to at least one edge
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in E(Gp{T'g,(2)]). For the rest of the proof, we assume that the edges generated
so far are fixed.
Let us now consider a vertex y € ¥ = V(Gp) \ ({z} UT'g,(2)), and let us

decide which edges between y and V(E(©) should be in our Gp. Notice that
whether or not vy is E®) bad depends solely on these y-V(E(O)) edges. In par-
ticular, the events ‘y is E(%)-bad’ {y € Y) are all independent. Let us estimate
the probability that a given vertex y € ¥ turns out to be E®) bad. We first
observe that with probability 1 — o(1/n) we have |[V(E®) < Pq, (@) < 2pn
and |A(E®)] = ]A(GP[E(O)])\ < 2p%n = 2w?n!/%. In the sequel, we assume that
these two inequalities hold. In particular, the number of copies of P® spanned
by E©) is, crudely, at most [V (E@)|A(E®))2 <8w5n. Thus the probability that y
is E(0)_bad is

]P’(A(EQSO)) >2)=PGy [E?(,O)} contains a P3)
< E#{P* € GlE)}) < 8Pnp® = 8t V/3,

where #{P> C G,,[E?E,O)]} denotes the number of copies of P3 in GP[Eéo)]. Now,
from the independence of the events ‘y is EQ® bad’ {y € Y), we have that the
probability P, that at least k such vertices y are E©).bad satisfies

8 4/5\ "
n 8 _1/5 k ew®"n
(11) P, < <k>{8w nTHPE < (—————k ) '

Thus, if k= Lgew8n4/5_|, we have P =o0(1/n) with plenty to spare.

The above argument proves our lemma with ‘E C E(Gp[l'g,(2)])’ replaced
by ‘E = E(Gp[lg,(x)])’. To complete the proof, we make the following simple
observation. Suppose z € V(G,) is fixed, E C E®) = E(Gp[lg,(z)]), and yeY =
V(Gp)\({z}Ul'g,,(z)). Then, y is necessarily E©®bad whenever it is E-bad. Thus,
an E-bad vertex y € W =V(Gp)\(V(E)U{z}) is either contained in I'g,, (%) or else
it is E(®)-bad. Since we may assume that A(Gp) < 2pn = 2wn3/5 < w8n4/5, our

lemma follows. |

Lemma 11 above tells us that, for any = and any E, we have A(Ey) =
A(GplEy]) <1 for most y € W = V(Gp) \ ({z} UV(E)). Of course, since Gp is
supposed not to contain Hyg, we have A(FEy) <11 for any vertex y¢€ w.

For each vertex y € W, let Xy = |Ey| =k3(E,y) and let Xé, be the cardinal-
ity v(Ey) = v(Gp[Ey]) of a maximum matching in Gy[Ey]. Since A(E,) <11, we
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have X{, > Xy /20(Ey)> Xy /22 for any y€ W. Moreover, for any y€ W that is not
E-bad, we clearly have X, =X,

Let us now fix W W. Put

X=Xy= Y Xy= ) k(B w)=k(EW),
weW weW

and similarly X'=X{, =3, cy X1, Let us write }°, for sum over all we W that
are F-bad and Zg for sum over all w& W that are not E-bad. Then

k‘S(EvM/) =Xw = Zg Xw + Zb Xw

(12) = ng{u+szw SX{,V+Zwa.

Now our aim is to bound the last two summands in (12).
For any two distinct vertices z and y € V(Gyp), let Yy be the number
of edges induced by the set I'g (z,y) = I'g,(z) NTg,(y) in Gp. Thus Yy =

|B(Gy[G, (@,9)])] and B(Yay)=("3%)p°=(1/2-+0(1))u’.

Lemma 12. For almost every Gy, we have Ygy < 22¢2 max{log n,w5} for any pair of
distinct vertices x, y€V(Gp).

Proof. Let Y}, be the maximum cardinality »(Gp[l'q,(x,y)]) of a matching in
Gp[l'g,(z,y)]. We claim that

(13) P{ Yl{y > e max{log n, ws}} <n = o(n™2).

For convenience, put u=F(Yy;y) <w®. By Lemma 2 in Janson [10], for any a>e?,
we have

1
(14) P(Y,, > ap) < exp{—u(aloga +1 —a)} < exp {—Ea(log a),u} .

We now check that (13) follows from (14). Suppose p=E(Yzy) <logn. Then we
take a=e’u"tlogn>e? in (14) and note that then

P(Yyy > e?logn) = P(Y,, > ap) < exp{—e?logn} = n=e’.
Suppose now that p=FE(Yzy)>logn. Then we take a=e? in (14) to obtain

P(Yyy = W) < IP’(Ym'y > ) < exp{—e’logn} = ne,
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Thus the claimed inequality (13) does hold. In particular, almost surely Yll.y <
e? max{logn,w®} for any distinct z, y € V(Gp). Our lemma now follows, since
A(Gpll'g,(z,9)]) <11, and hence Y, y = Yoy /22, 1

By Lemmas 11 and 12 above, an almost sure upper bound for the last sum-
mand in (12) is 220e® max{logn,w®}w¥n?/3. Our aim now is to estimate Xy

Fortunately, the method of proof of Lemma 2 in Janson [10] gives the following
result immediately.

Lemma 13. Suppose 0<e<1/2. Then for any W CW = V{(Gp)\ ({2} UV(E)) we
have

By 2 (14 B < oxp { - 22211 |

Proof. We follow an argument of Janson [10] (cf. the proof of Lemma 2 in [10]).
Fix W C W = V(Gp)\ ({2} UV(E)) and let w € W. Let F be the family of all
copies J of P3 with middle vertex w and endvertices coinciding with endvertices
of edges in E in the complete graph on V(G;). Thus each such J corresponds to a

triangle determined by w and one edge from E. Let %,, (m >0) be the collection
of all m-tuples (J1,...,Jm) of pairwise edge-disjoint elements from #. Let I; be
the indicator variable of the event that a fixed J €  should be present in Gp.

Thus kg(E,w)=Xw=ZJEgIJ. We have

E<etxa»>=xe{z(§%)(et~ bes{ ©hS 0 @)

m2>0 m>0 Fon
m
2m B m _ — A(et=1)
-SAsme-gns T A s } ot
m>0 Fom m>0

where A=E(X,,). Now, the X}, (we W) are independent and therefore

]E(etXeV) = E(et Zwéw X:U) = H E(etX:u) S e}\l‘/Vi(et—l).
weW
Let a>1. Note that then, by Markov’s inequality, we have
P(Xjy > aA[W]) = P(eXiw > eledWl)
< E(etX{/V )e——ta)\\Wl < eMW[(et—l)e—taMW] - e)x]‘/V\(e“'—l——at)‘
Taking t=loga, we have

P(X{;V > a\[W)]) < AMWl(a—1-aloga) _ e—/\IW!(aloga—a—i—l)‘
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Our lemma follows by setting a=1+¢ in this last inequality. |
We are finally ready to prove Lemma 10.

Proof of Lemma 10. Take Cp = Cy(cy,c2,0) = {12/(62%¢c1c0)}/5. We proceed to
show that this choice for Cy will do. Thus let z, F, and W as in the statement of
our lemma be given. To prove (10), it suffices to put together (12) and Lemmas 11,
12, and 13. Indeed, with the notation as above, by Lemma 13 we have

0 AN
P(Xi 2 (143) 1EIW]) < exp {—5 5) pglEHWI} <o,

where in the last inequality we used that |E| > c1pn?, |W| > ean, and Cy =
{12/(926102)}1/5.
The number of choices for the triple (z, E, W) is at most nexp{2w3n4/5 logn}2™.

Indeed, it suffices to notice that we may assume that |E] <ug=|p>n?|= [w3n4/5j,
and hence the number of choices for F is at most

n? n? 3._4/5
Z <2 < exp{2w”n*/?logn}.
u uwQ
uLug
Thus almost every Gp is such that Xy, < (1+0/2)p* E||W|.

From (12) and Lemmas 11 and 12, we have, for almost every Gyp,
8
ks(E,W) < (1 + 5) P2E|[W] + 2206 max{log n, w® }w®n?/?,

which is at most (1+0)p?|E||W]|, as required. |

In our next lemma we give a set of conditions that ensures that k:? P(EW)

(ECE(Gp), WCV(Gp)\V(E)) concentrates around its mean.

Lemma 14. Suppose w = w(n) — oo as n — co. Let 0 <p=p(n) <1 with p >
wn~1/2 logn be given. Then almost every Gp =Gy, p is such that, for any E C E(Gp)
and W CV(Gp)\V(E) with |E{>wnp~tlogn and [W|>n/logn, we have

(15) k3(B, W) = k57 (E, W) = (1 + o(1))p?| E||W/|.

Proof. Let 6 >0 be fixed. Let M C E(K™) be a matching in the complete graph K™,

and set v=|M]|. Suppose that vp?/logn — co as n— oo. Let W C V(Gp)\ V(M)

be such that w={W|>n/logn. Let us write ky(M,W) = k?”UM(M, W) for the

number of triangles in G, UM that are determined by an edge of M and a vertex
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of W. Note that k§(M,W) has binomial distribution with parameters vw=|M||W|
and p?. Thus

(16) Ky (M, W) = (14 01(8))p”| M1W|

with probability 1 — exp{—8Q(p?vw)}. The number of matchings M c E(K™)
of cardinality v is no larger than ((g)) < n?, and the number of sets W as
») < n®. Hence, we see that (16) holds a.s. for any
matching M C E(K™) with |M| > vg = w(logn)/4p? and any W C V(Gyp) \ V(M)
with {W|>n/logn, since

Z z n2"+wexp{—p2uw}§ Enzu Z (ne_Q(p‘zy))w

above is no larger than (

v>2vp w>n/ logn vy w>n/logn
< Z nZu-Q(pQVn/ logn)
v>ug

= o(1).

Thus, let us assume that our G, does have this property. Clearly, we may also as-
sume that A(Gyp) <2pn. We claim that under these assumptions our Gy necessarily
satisfies {15) with ‘o(1)’ replaced by ‘O1(f) for all ¥ and W as in the statement of
our lemma. To see this, fix EC E(Gp) and W CV(Gp)\V(E) as in the lemma. We
shall now make use of the following simple fact that may be easily deduced from
Vizing’s theorem: if J is a graph of maximum degree A(J), then J admits a proper
edge-colouring with at most A(J)+1 colours such that the cardinality of any two
colour classes differ by at most 1. Note that A(E)=A(Gp[E]) <A(Gp) <2pn, and
hence, by the observation above, we may write £= EjU...U Ey where the E; are
matchings satisfying || 5;—|E;|[ <1 for all ¢ and j, and moreover ¢< A(E)-+1< 3pn.
In particular, |E;| > |E|/4pn>vyp for all i. Therefore (16) applies with M =F; and,
since k3(E,W) = "1 ;< ks(E;, W), our claim does hold. Lemma 14 follows by
letting 4 tend to Q. |

3. Pivotal Pairs of Vertices
3.1. A weighted Turan type result

Let Hy be a graph and r>3 an integer. Let us write K7 for the graph with r
vertices and () —1 edges, and let us say that its two vertices of degree r—2 are the
endvertices of K7 . Let us say that the unordered pair zy= {x,y} of distinct vertices
of Hy is a K" -connected pair if there is a copy of K7 in H, with endvertices x
and y. Hence, if zy is a K7 -conunected pair of non-adjacent vertices, then the
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addition of zy to H, creates a new copy of K" in H,.. Thus, we shall also say that
"~ a K7 -connected pair is K" -pivotal, or simply pivotal. For technical reasons, let us

also say that the vertex x € V(H,) is by itself a K7 -connected pair if z lies in a
copy of K™~ ! in H,. The following is an asymptotic version of Turdn’s theorem
for K",

() Any graph Hs with k vertices and e(H,) edges contains at least

(- etit) - - 3)(" 1)

KT -counected pairs of vertices. 1

To check that (*) is indeed an asymptotic form of Turan’s theorem, observe that

-1
if A= A(H.) = e(Hy) ()7 is the ‘density’ of Hy = HF, then the lower bound
in (*) for the number of K7 -connected pairs in Hy is, for large k,

(17) ~(r=2)A-r+3) (';)

Note that (17) is bigger than (1/{r—1)) (g) for A>1—1/(r —1). Therefore we may

deduce that any (large) Hy with A(Hs) >1—-1/(r — 1) necessarily contains a K7,
which is, of course, a weak form of Turdn’s theorem. Unfortunately, (*) does not
seem to imply Turdn’s theorem for K" in its precise form.

In the sequel we shall need, however, a weighted version of (*) for r = 4.
To describe this version we need some technical definitions. Also, to simplify
the notation we restrict ourselves to the case » = 4. (The general case does not

present any further difficulty.) We start with a graph H, = HF of order k and
assume ¥ = (Ye)eeg(,) 18 an assignment of weights ve >0 to the edges e € E(H,)

of H,. Suppose x=(z1,...,2}) is an ordering of the vertices of H,. For any two
not necessarily distinct vertices z, y € V(H,) that form a K 4 _connected pair in H,,
we let

wh, 4(z,y) = max{vyiya : 321,29 € V(Hy) with v = v,y (2 € {1,2})
and z1, 22, 2129, 21y, 22y € E(Hy)}.

For convenience, if z, y do not form a K*-connected pair, we put wy, ,(z,y)=0.
Let

w(Hy,v,X) = Z wH, 4%, 5)
1<i<j<k
and v(Hy) = ZeeE(H*)"/e' Our weighted version of (*) for » = 4 is given in

Lemma 15 below. We remark that to deduce the unweighted case (*) for r = 4
from this lemma, it suffices to take 3=1 and 7. =1 for all edges ec E(H,).
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Lemma 15. Let' H, = HEF be a graph of order k and edge weights v = (’Ye)eeE(H*)

with 0 < e <7 for all e € E(H,), where ¥ > 1. Then there is an ordering x =
(x1,...,zy,) of the vertices of H, for which we have

(1) wlt 2 o) -1(" 7).

Proof. Our proof is by induction on k. Since the case k <3 is trivial, we assume
that k>4 and that our lemma holds for graphs H, with at most 3 vertices. Note

that if v(H,) <7k?/4, then (18) is trivially true, as in this case 2v(H,) —f‘y(k"gl) <
F(k?/2 — k(k+1)/2) = —5k/2 < 0. Thus we may assume that v(H,) > 7k2/4.

Since ve < 7 for all e € E(H,), we have that H, has more than k%/4 edges.
Therefore, there are three vertices y1, y2, and y3 € V(H,) inducing a triangle in Hy.

For y € V(Hy), let us write d¥(y) =dH*’7(y)=ZZ€FH (y) Yyz for the y-degree of y.
We may assume that d7(y1) < d¥(y2) < d7(y3). Put z; = y1, and by induction

let x' = (x3,...,%;) be an ordering of the vertices of Hj = Hy, —z1 = Hy —1y; such
that '

_(k
Y.U(Hi, 'Yax,) > 27(Hi) - '7(2> .
For simplicity, v above stands for the restriction (ve)ecp(mr) of ¥ = (Ve) g(s1,)
to H}. Our aim now is to estimate Y, «;cp wh, »(21,2;) from below. For j€{2,3},
set v;(j) = vy, if yjz; € E(Hs) and set v;(j) =0 otherwise. Now observe that,
since 7> 1, for any reals 0<a <7 and 0< 3 <4 we have o8> a+ [ —~4. Therefore

ST owgarne) = Y w@wuG) = D (@) +uB) -4}
1<i<k 1<i<k 1<i<k
= d"(y2) +d"(y3) — vk = 2d7 (y1) — ¥k = 2d" (1) — Vk-

Hence, with x=(z1,22,...,%x), we have

as required. [
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3.2. Pivotal pairs in subgraphs of random graphs

In this section we turn to the study of K*-connected pairs in subgraphs of
random graphs. Recall that given a graph H and two distinct vertices z, y& V(H),
we say that the unordered pair zy={z,y} is a K 4 _connected pair if they are the
endvertices of a copy of K% in H, and that a single vertex by itself forms a K*-

connected pair if it belongs to a triangle of H. Our main aim here is to prove
Lemma 16 below, which roughly says that, if a subgraph H C G, =Gpy of Gy is

such that e(H) > Ae(G)p) for some fixed A> 0 and p=p(n) is not too small, then

the number of K% -connected pairs in H is, almost Surely,

>(2) — 1)(727’).

This result is similar in spirit to assertion (*) in Section 3.1, but note that (*)
applied to H C Gy above gives nothing if p = p(n) — 0 as n — co. Lemma 16
below remedies this situation and recovers essentially the same lower bound for the

number of K4 -connected pairs.

In the sequel, for any given graph H, it will be convenient to define a graph [1=
IIy on V(H) by letting two distinct vertices z, y € V(H)=V(II) be adjacent in II
if and only if they form a K% -connected in H.

Lemma 16. Let a constant 0<o <1 be given. Then there is a constant Co=Cp(c)
that depends only on o for which the following holds. If p = p(n) = wn~2/5

and Cp S w=w(n) = o(nl/lgo), then almost every Gy, = Gy, p is such that, for
any subgraph H C Gy of Gp, we have

(19) e(llg) > (2A —1-0) (Z)

where A=e(H) {p(3) }—1.

Before we proceed, let us remark that we shall apply Lemma 16 above with o
much smaller than A. In fact, we shall be interested in the case in which X is a little
greater than 2/3 and o is very small.

The proof of Lemma 16 is based on the results of the previous three sections
and on a further technical lemma, Lemma 17, which we now describe. The context
in which Lemma 17 applies is as follows. Suppose 0<p<1/2, 0<x<1, 0<§ <1,
0<7¥ <1, and 0< g<1/4 are constants, and let n and m > xkn be integers. Let
also 0 <p=p(n) <1 be given. Let V1, V5, Z1, and Z5 be pairwise disjoint sets of
cardinality (1—p)m <mj=|V;|<m and (1—-p)m <m)=|Z;|<m (3, j € {1,2}).
Suppose F'=FjUFj is a graph with F} a tripartite graph with tripartition V(F;)=
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V;UZ1UZ3 (j €{1,2}) and such that E(F[Z1, Z5)) = E(F;[Z1, Zs)) for both j € {1,2}.
For simplicity, put vz = dp,(Z1,22) and let v = dF’p(Zi,Vj) for 7, j € {1,2}.
Suppose further that the following conditions hold:

(1) We have vz >9¢ and ;; >7g for all 4, j€{1,2}.

(i) At least (1—6')my vertices x in Vj are such that

kK (2) > (1 - 8 ~ ) yive1vzp®mimb,

where kf(m) is the number of triangles of F' that contain z.

(i) At least (1—8)e(F[Z1,Z2]) edges e in F[Zy, Zo] are such that
(20) K (e, T2) > (1 = &' )viavoap®ma,

where kf (e, Vo) denotes the number of triangles in I determined by the edge e
and some vertex in V5.

(v) Let c=43x?/8. For any z € Vi, E C E(FI[I'p(2)]), and W C V, with |E| >
cp®n? and [W]>cn, we have

!

i)
g < (145) REm

(v) For all EC E(F[Z1,2,)) with |E|>pn?/logn and W C ¥y with |W|>n/logn,
we have kI'(E,W)<2p?|E||W|.
We may now state a key technical lemma in the proof of Lemma 16.

Lemma 17. Let constants 0<7g <1 and 0 <o <1 be given. Then, with the notation
above, if §' < 6= 6)(30,0) =070/128 and p< po = po(0) = /8, then the number
of K* -connected pairs z1xy with zjeV; (je{1,2}) is at least (1 —0)y12722m2.

Proof. Let us put @ = pp = o/8 and note that then &) = 02'70/128 = o?¥y/2.

Let 0< &' <8y and 0 < p < pg be given, and suppose that F' is as described belore
our lemma.

In the sequel, an edge e € E(F[Z1,22]) will be said to be (8',K3; Fy)-poor
if (20) fails. For x € Vi, let us write kg’(m) for the number of (6’,[(3;172)—1)001'
edges ¢ € E(F(Z1,Z5]) induced by the neighbourhood of z in F. Let us say
that = € V; is unusable if k}(z) > avi1921vzp®mim,. The proof is now split
into a few claims.

Assertion 1. At most amy vertices in Vy are unusable.

Suppose the contrary. Let us consider the number N of pairs (z,e) with z
a vertex in V) and e a (§,K3; Fy)-poor edge in E(F[Z1,Z3]) such that there is a
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triangle of F' containing both z and e. Since we are assuming that more than amy
vertices x € V| are unusable, we have

2_2
(21) N > o?yiiye1vzpimimhmy > o?58yzpPmimhym.

sWe now use condition (v) above to deduce that
(22) N < 20%m18'e(F (71, Z3]) = 28'vzp®mimhmy

Comparing (21) and (22), we obtain that a25/8 <26, contradicting the fact that §’ <
&y =a?30/2. Thus Assertion 1 holds.

We now observe that condition (i) above immediately implies the following.
Assertion 2. For at least (1-2a)m) vertices x in Vi, we have ki (z)—k} (z) > c1p?n?,
where ¢c; =(1—g—2a)(1— /L)21$2’_yg >c.

Now let 2 € Vi be given. Let E, C E(F[Z1,7Z3)) be the set of edges e induced

by the neighbourhood of x in F that are not (§', K3; Fy)-poor. Thus |Ey|=kf (z)—
kS (x). Let
We={y€Va: E(F[Lp()])nE(F[Cry)]) # 0}

={y € Vo : zyis a K*-connected pair}.

Assertion 3. For at least (1 — 2a)my vertices x € Vi, we have |W,| > (1 —
o/2) 1272232

Let z€ Vj be such that |E,| =k§(m)—k§(m) >e¢1p°n?, and suppose that (Wil <
(1-0/2)v197722m9. We now use (iv) above to deduce that

6’
(1= Szl a] < K (B, W) < (14 ) P15

6, a 9
<14 T (1 - 5) 127220 2| By,

which is a contradiction since 1 —46 > (1+ 6'/4)(1 - o/2). Thus any z € ¥,

with |Ey| = k' (2) - k2 () > c1p3n? is such that [Wy| > (1 —0/2)v12722ma, and
hence Assertion 3 follows from Assertion 2.

From Assertion 3, we deduce that at least
o
(1-2a) (1 - 5) V12722112

ag
> (1 - 2a)(1 — p)? (1 - 5) 712’1227712 > (1 - 0)y12722m>
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pairs 129 (x5 € V;, j€{1,2}) are K% -connected with respect to F, thereby proving
Lemma 17. |

We are now ready to prove Lemma 16. Our proof will make use of several of
our previous lemmas.

Proof of Lemma 16. Let 0 < 0 <1 be given. We now define the many constants
with which we shall apply Lemmas 4, 5, 7, 9, 10, 14, 15; and 17.

Let 4o = /100, 70 = 70/2, & = v0/24e and kg = [100/5]. Let 6 = (§')%/2,
where §' = 03 /2 x 106 < 8, = 6}(50,0/7) = 0270 /6272. Note that 66(50,0/7) is as
given in Lemma 17. We now let

1
€ = min {10_160670, 580(01,’707 5)} )

where g9 =eq(a,70,0) is as defined in Lemma 7. Put £=2¢, p=2¢ /vy and g=>5¢/70.
For later reference, note that

5 ~ )
(23) 5= <5x107656 < 2
0 27
and if k> kg, then, with plenty to spare, we have
20 6 o
24 < =
(24) oD k-1 T
and
(25) 3e + 1 < 2
—+=-<z0c
Y o kTT

Set w = 6e < po{o/7), where ug(c/7) = o/56 is as given in Lemma 17. Now
let Ko = Kg(e, ko) and 1 = n{e, ko) be as given by Lemma 4. We may assume
that n < min{c/7,e/2Ko}. Put k=1/2Ko, and let c=33x2/8. Finally, let Co=
Colc,c,8'/4), where Cpy(c,c,8 /4) is as given by Lemma 10. We claim that this
choice of Ch=Cp(o) will do in Lemma 16, and proceed to prove this assertion.

Let p=p(n) =wn™?/3, where Cy <w =w(n)=o(n!/199). Let us consider the
following conditions for Gp=Gp p.

(a) Gp is n-upper-uniform and has size e(Gp)=(1+0(1))p(3).

(b) Suppose m > kn. Then, for any T > (?:/4)%;9m2 and any m = (m1,mq,m3)
with m/2 <m; <m (i€{1,2,3}), our G contains no copy of any graph F €
f’r’f,(f,"yo,@;m,T) as a subgraph.

(¢) Inequality (10) in Lemma 10 holds for all £ and W as in the statement of
that lemma with ¢; =cg=c and 0=§/4.

(d) Relation (15) in Lemma 14 holds for all EC E(Gy) and W C V(Gp) \ V(E)
with |E|>pn?/logn and |W|>n/logn.
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Claim. Conditions (a)-(d) hold for almost every Gp.

Proof of the Claim. Condition (a) clearly holds almost surely. We use Lemma 7
to prove that () holds almost surely as well. Let m, m, and T be as in (b). Note

that the number of choices for m and m is trivially at most n%. The number of
copies of a fixed graph F € gg(f,ﬁo,é;m,T) that the complete graph K™ on n
vertices contains is clearly at most n™. Thus, since g < §/27 (see (23)) and & =
2e < ep(w,70,68), Lemma 7 applies to give that the expected number of copies of

elements from 92(5,,"70, g;m,T) that G contains is, for sufficiently large n, at most

T
£,70, 0 3m? 3eapm?
n | (E Ao, i m, T |pT < n4+n"‘T< T )pT < ntn ( )

which, since T > (3/4)%9pm?, is at most

8ea T T T
n4+n (__) S n4+n3— S 2—4,
70

Summing over all 7> (3/4)5opm?, we obtain that (b) holds almost always. Con-
dition (c) holds almost surely for G, by Lemma 10 and the choice of Cy. To check
that (d) holds for a.e. Gy, by Lemma 14 it suffices to see that pnl/z/logn——mo and
that (an/logn)/np_l logn — 00 as n—oco. This completes the proof of our claim.

In the remainder of the proof, we show that (19) holds for any subgraph H C G,

whenever G, satisfies conditions (a)-(d) above. This clearly proves our lemma.

Thus, let us assume that H C Gy is given and that Gp satisfies (a)—(d). We may
clearly assume that H is a spanning subgraph of G.

Let us apply Lemma 4 to the np-upper-uniform graph H, with parameters
and kg. Let V(H)=WU...UV}, be the (¢, H,p)-regular (¢,k)-equitable partition we
obtain in this way. Let H’ be the subgraph of H on U1<i§}cVi with e€ E(H) an

edge of H' if and only if e joins two vertices that belong to distinct classes of our
regular partition, say, V; and V; (1<i<j <k), with (V;,V}) an (e, H,p)-regular pair
and dg p(V;,Vj) 2. In the sequel, we let m stand for the common cardinality of

the sets V; (1<i<k). Recall that A=e(H) {p(}) }—1. We now check the following
simple fact.

Assertion 1. We have e(H')>(A—0/7)p(3) provided n is sufficiently large.

From the n-upper-uniformity of H it follows that if WC V=V (H), [W|>2nn
then e(H[W])S(l—l—n)p(IVZVI). Hence e(H[Vy]) < (3/5)e?pn?. Also, ey (Vo, V\ Vo) is
at most (1+4n)p|{Vo|[V'\ Vo| < (6/5)epn®. Thus the number of edges of H incident
to Vo is at most 4ep(}) for large enough n. Now note that Y ey (V;,V;) with
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the sum over all 1 < i < j < k such that (V;,V;) is not (¢, H,p)-regular ’
most s(é)(l +n)pm? < 2ep(y). Also, Yoeq(V;,V;) with the sum extended over
all 1 <4 < j < k such that dyp(Vi,V;) < 7o is at most (1~l—77)’yo(§)pm2 <

2vop(3). Finally, we have that Sici<ke(HV]) < k(1 +mp(5) < @p/k)(5).

Therefore |E(H)\ E(H')| < (6e+2/k +2v0)p(3) < (o/T)p(3) if n is sufficiently
large, as required.

We now define a graph H, on [k]={1,...,k} by letting ij (1<i<j<k) be an
edge of Hy if and only if (V;,V;) is an (g, H,p)-regular pair and dg,(V;,V}) = o.
We write v;; for dg,(V;,V;) for all ij € E(H.), and put v = (”Ye)eeE(H*)- Now
put 7 = 1+0/7, and notice that then the definition of 1 and (a) above gives
that v <14+n<7 for all e€ E(H.,).

Lemma 15 now tells us that, suitably adjusting the notation, the ordering x=
(1,...,k) of the vertices of H. is such that

. (k41
(26) w(He,v,x)= Y wH*,y(z,J)ZM(H*)—v( 5 )
1<i<j<k

In our next assertion we bound (Hy).

Assertion 2. We have v(H,.)= ZeeE(H*) Ye> (A—a/T) (é) .

Indeed, we have e(H')= ZEEE(H*)%‘ZPWﬁ =v(H)pm?, and hence, by Asser-

w25 0-9)(3)2 0-9) () /72 6-9) ()

Our next step relates the number of K*-connected pairs meeting two fixed

tion 1,

classes V; and Vj (1<i<j<k) with the summand wp, (4,) appearing in (26).

Assertion 3. Suppose 11, 19 € |k} are two distiuct vertices of H,. Then the number
of K4 -connected pairs w1z with z;€V,; (j€{1,2}) is at least

(1—-0/7—2e/v0)wn, (11, 12)m?.

The above assertion is an easy consequence of Lemma 17, although we shall
have to work a little to check that that lemma does apply here.

Let us start by observing that, trivially, if ¢; and ¢y are not K*-connected
in H,, then by definition ’lUH*7,Y(L1,L2) =0, and hence there is nothing to prove.
Thus let us assume that this is not the case, and let t3, ¢4 € [k] be two vertices
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of Hy such that 11¢3, e1tq, 304, tors, totg € E(Hy). Choosing ¢3 and ¢4 suitably,
we may further assume that wy, (¢1,62) = Vip3Vi90s- We may now restrict our
attention to the 4-partite subgraph of H induced by the V;, (1<a<4).

Let J = H[V,,,V,,,V.;,V,,] and write L for the graph on [4] = {1,2,3,4}
isomorphic to K%, with 1 and 2 as the endvertices. We first apply Lemma 5 to J
to obtain U,, CV,, (1<a<4) such that the following holds. Putting mq=|U,,|, we

have (1—u)m<mgq<m for all 1<e<4 and, furthermore, if ab€ E(L) and z€U,,,
then

(27) dop(z) = ITy(2) N Uy | = (1+ O1(0))dyp(Vis, Vi, ).

Let F = J[U,;,U,,,0,,0,]. Since dj,(V.,, Vi) = dpp(U.,,0,) + O1(c) and
dp,p(fJLa,ULb)?_vo-EZ;m =70/2, we have '

d.},p(VLav sz,) =(1+0 (25/70))(117’,1)(5%7 UL&)~

Moreover, as (1 —pu)m <my<m, we have m=(1+O1(2u))my. Thus, relation (27)
gives that, for any 2€U,,

dap(z) = (1 + Ol(@))dF,p([_]Laa fJLb)Pmb,

where, as defined above, g=5¢/vp. Note also that 5o <dg,(U,,,U,,) <y=1+0/7
(cf. condition (a) above).

Our immediate aim now is to apply Lemma 17. To make our current notation
the same as the one used in that lemma, let us put Vi = U, and Z; = Upyj

for j€{1,2} and Fj=J[V},Z\, Z5] (j€{1,2}). Clearly, F=J[V1,Va, 2y, Zs]=FlUF,
and F[Z1,2] = F1|Z1,2o] = F3[Z,Z5]. Also, let mj = |V;| and m} = |Z;| (i,
i€{1,2}).

Let mj={(my,m[,m}) and T; =e(F;) > (3/4)7pm? (j €{1,2}). Observe that
by () above we may conclude that

}7"7' = H[‘—/ijI»ZQ] € ‘?P(a'?()a@;mj,j—jj) \gg(§a707§7mJ>T)

for both j € {1,2}. We shall now invoke Lemma 17, but to see that that lemma
does apply we verify the following claim.

Claim. Conditions {¢)-(v) given before the statement of Lemma 17 hold.

Proof of the Claim. Condition (7) has already been seen to hold. To see that (i)
holds, we simply apply Lemma 9 to the (6, /3)-balanced graph Fy. Now, condi-

tion (i) clearly holds as Iy is (6, K'3)-balanced. Finally, condition (iv) is equivalent
to (c), while condition (v) follows from (d). This finishes the proof of our claim.
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In view of the above claim and the definitions of & = é3(%0,0/7) and pg =
pol{a/7), we see that we may indeed apply Lemma 17 to deduce that the number
of K4 -connected pairs w1zo with z; € Vi; (7€{1,2}) is at least

(28) (1= 2) drp(Z1, V)i (2, Va)m?.

We now use that, for i€ {1,2}, we have

- £
dF,p(Zia VQ) > dH,p(‘/l»27V2i+2) —€ 2 (1 - ;8) dH,p(VL27 V'Lv,:+2)’

since dpy p(Viy,Viii2) >0 Thus the quantity in (28) is at least

2
a g
(1 - 7) (1 - %) dH,p(‘/l,Qu ‘/Lg)dH;p(‘/IQ:‘/h;)Tn

c 2 9
> 11— 7 - % Yootz Yioea T,

which concludes the proof of Assertion 3, since ¢3 and ¢4 were chosen so as to have
wH*,'y(LlaLZ)z’YLQHfYLzM'

The proof of our lemma is completed in the next assertion. Recall that IIf
stands for the graph on V(H) with two vertices of H adjacent in Il if and only if

they are K4 _connected in H.
Assertion 4. We have e(Ilg)> (2A—1—-0)(3).

By Assertion 3 we have that

) ez Y elglivi)z 3 (1= 8- Eugfiim?

1<i<i<k 1<i<j<k "o

Now, clearly, we have

Z wH*7(,])—WH*,’Y, Z wH*,*yZ 'L

1<i<j<k 1<i<k
w(Hy,v,%) — ¥k > w(Hy, v, x) — 2k,

since 52 = (1+0/7)? <2. Thus, recalling (26) and using that m > (1 —¢)n/k, we
have from (29) that e(Ilj) is at least

(1-2- =)0 —s>2’;f( (703 - 2t)
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which, by Assertion 2, is at least

(=53 (=D O-D-0+D (36 =() )

which is, as one may check using (24) and (25), at least

(1-%-%-%) (2/\—1—%) (Z) 2(2/\—1-0)(Z>,

proving Assertion 4.
The proof of Lemma 16 is complete. |

4. Proof of the Main Result

We first prove Theorem 2 under the extra hypothesis that p = p(n) should
not be too large. More precisely, we show the following result. Recall that we
write G —~ H if any subgraph J of G with e(J) >~e(G) contains a copy of H.
Lemma 18. Let a constant >0 be given. Then there is a constant C=C(n) that
depends only on n for which the following holds. If0< p=p(n) =wn"2/5<1and C<
w=w(n)=o0(n/190) then almost every Gp=Gnyp is such that Gp—g/3.4y K4
Proof. Let e=0=n/10 and k=[1+24(log2)n~2]. Let C=kCy(c), where Co(0) is
as given in Lemma 16. We shall show that this choice of C'=C(n) will do in our
result. Thus, let p=p(n) be as in the statement of Lemma 18, and consider the

space $(n,p) of the random graphs Gy, =G)p. In this proof, we shall write G, as
a union of sparser, independent random graphs.

Let py be such that 1—p=(1—p1)*, and note that then p/k<p; = (1+0(1))p/k.
Put Q=[] ;< 4(n,p1). We shall write G= (GI(,ll), ey g;)) for a general random
element of . Thus the Gz(i) (1<j<k) are independent random graphs, each taken
from %{n,p1). For any given G = (G,(,?,..., ,()]f)) € 1), let us put Gp = Gp(G) =

G,(i) U... UG’;(,IT), and note that then the map G= (G;J;))ISJS/C EQ-Gp=Gp(G)e
%(n,p) is measure-preserving. We may thus study %(n,p) investigating the random

elements G € 2. Let us define 2’ € by letting G= (Ggl))lgjgk € belong to &’
if and only if (i) e(Gp) = (14 01()p(2), (i) e(GD) = (14 01(e))(p/k)(T) for
all 1<j<k and, finally, (#i) for all 1<j<k, the graph Gé{) has the property that
if BC B(GY)) and A=|E|{p1(3)} 7, then

(30) e(llg) > (2 — 1 —0) (Z)
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For simplicity, Il above stands for 11y, where H = H(E) is the graph on V(Gp)
with edge set F.

Elementary facts concerning random graphs and Lemma 16 gives that P(Q' )=
1—o0(1). In the sequel, we shall often condition on €' and we shall write ' (A) for
the conditional probability P(A]|Q') for any event ACKQ.

Let B C O be the set of G = (G5,...,G¥)) that admit a set F c E(G))
with |F} > (2/3 +n)e(Gp) but Gp[F] 2 K4. We need to show that P(B) = o(1),

or, equivalently, that P/(B) = o(1). Let us put &' = BN, For each G € B, let
us fix once and for all a set F'=F(G)C E(Gy) as required in the definition of 3.

Let us also put, FU) = FO(@) = FAE(GR)) (1< <) and set f = F(C) = |F|
and J0) = f0)(G)=|FO)| (1< <h).

Now let 'Y(j) 27(j)(G) :f(j)/Pl (g), and note that then we have f gf(1)+, .
£ and hence that

2 pgeqamnile

2 nPila) il (1) (k)
3 1= e(Gp) e(Gp)Sk(l—e>( Tty )’

from which we conclude that

2 2
(31) v =7%(G) 1’%1,%97 1<vgkv _1+ 3T _3( +1)

where the last inequality follows from the choice of . Let us also note that
(32) 7S 1+,
since we are assuming that (4) above holds. For each 1<j <k, let

B ={GeB: 1(G)=+(G)}.

Clearly 3=, <, B}, and hence it suffices to show that P(B})=o(1) for all j.

Thus we now fiz j € [k} and proceed to show that %' almost surely does not hold.
We have

P (B Znﬂ (B n{GeQ:aY) =}
—Znﬂ (B 1 GS) = Go)P (G = Go)

(33) < max¥ (% | ) = Go),
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where G ranges over all graphs on V(Gp) with e(Go) = (1+ 01(e))(p/k)(3) and
such that (30) holds for all EC E(Gg) with A=|E|/p1(5). We now fiz one such Gy
and proceed to show an upper bound for (33). For each FyC E(Gy), let

(34) P'(j,Go, Fo) =P (G € B}, FY) = Ry | GY)) = Go).

Then

(35)

P} | G,T(?Jl.) =Go)= Y, PliGoFo)< 2049%G)  max  P(j,Go, Fo).
FoCE(Go) FoCE(Gu)

We now fiz Fy and estimate the last term in (35) from above. We may of

course assume that P'(j,Gg, Fp) > 0 for the fixed triple (j,Go,Fp) under consid-
eration, as otherwise there is nothing to prove. Thus we may in particular assume
that | Fo|/p1(5) > (2/3)(1+n). Let us write &'(j, Go, Fp) for the set of G e} such

that Gg) =Gy and FU) = Fy. To show that P'(4,Gq, Fp) is small, we argue that

if G= (G;()il))lgigk € B'(j,Gq, Fo), then the edges of the graphs Ggl) (i#£7,1<i<k)
are distributed in a rather unlikely way.

Let py be such that 1 —pe = (1 ~p1)¥=1, and note that then pa/(k—1) <
p1 = (1+0(1))pa/(k —1). For any given G (Gm Ji<i<k € Q, we write Gl(w])
for ; Ggil), where the union is taken over all 1 # 7 (1 <:< k). Thus Gz(,zj) is a
random element from $(n,ps), and G, = G;S,{) UGI(,;j). Note also that if G € €,
then 6(G(ﬁ])) <(1+2e)p2(3).

For any G = (G)1<icp € 0, let F' = F/(G) = B(GSP)n B(Ilg,). Also,

let f'= f/(G)=|F'| for any G € Q. Clearly, f' = f/(G) (G € Q) is binomially
distributed with parameters e(Ilg,) and pg. In fact, it is clear that f' = f/(G)

has this distribution even if we condition on G being such that G(]) Gg. We
now verify the following claim, from which we shall deduce an exponential upper
estimate for P/(j,Go, Fp). In the sequel, we write Eg, for the expectation in the

space QN{G: G;g{)zGo}.
Claim. If GeB'(j,Go,Fo) then f' <(1—-n)Eg, (f').
Proof of the Claim. Let us fix G = (G;{))lngk: € B'(5,Go, Fp). Let F(oi) =

FOI(G) = FnEBGS), and put f09) = f0I)(G) = |FOI)|. Clearly FOD U
F' ¢ E(G'](D;j)) and, since F spans no K%, we have F() N F' = §. Thus we
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have f(79) 4 ¢/ ge(ng)) <(1+2¢)pa(5), and hence

(36) P <2 = (),
where (™) ='y(ﬂj)(G) /pg( ). We now show that ~(79) is suitably large.

We have f=|Fl§f(j)+f 1), and hence

2 ap1(3) | mpp2(3) S 1 1+e . .y
2 (i) (mgy£2\2/ 2 ) — 1)~9)
3PS, T T Gy Sk(l—s) (7 (k=1 )
Therefore
2 -1 1 k—1 1
(J) LY G} ) RS ALY Gt ) P - (“J)
3(1+77) k + P k'y + 7 < A(1+ g) -+

where the last inequality follows from (32). Thus we conclude that (27 >0 /3. We
now note that p=Egq, (f') =pae(llp,) > (27 —1-0)p2 (g) Note that, in particular,
by (31) and the choice of o, we have (1/3)pa(%) < 1 < pa(5). Let b denote the
right-hand.side of (36). Then

p—b> (27*—1—o—1-2a+7(”'))p2<’;>

4
> (—32 —2e — cr) P2 (;) > np2 <g> Z Nk

and therefore f' <b<(1—n)u, as claimed.
We now use our claim to bound P'(j,Gg, Fy), which, we recall, is defined in (34)

above. Recall also that f'~Bi(e(Ilg,),p2). We have
. i 1
P'(j,Go, Fo) < H”{f’ < (1= mEq, (f') l Gy = Go} < exp {—577%} ,
where, as remarked before, u=Eq, (f') =e(Ilg,)p2 > (1/3)p2(5). Thus, from (35)
we deduce that
n
2
p
k

;) = o) < 2049k D ep [ L2 (1- 1)
= exp { ((1 +¢)(log2) — ’“—6——77 ) (Z)}

< exp{‘%?_ <1 - %> "2”(2)}
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We now recall (33) to deduce that IP”(%’;) <exp{—n?pn?/30} =o0(1), completing the
proof of Lemma 18. |

We next show that, loosely speaking, the quantity ex(Gy, p, H) {p(g)}_l is
non-increasing in probability for any fixed graph H. In particular, this shows that
Lemma 18 implies Theorem 2.

Lemma 19. Suppose 0<p=p(n) <1, 0<y=+(n)<1, and 0<e=¢c(n) <1 are such
that e2ypn? — 0o as n— oco. Suppose also that Gn,p~—~ H holds almost surely for

some grapit H. Then, if 0<p’=p'(n) <1 is such that p’' > p for all large enough n,
we almost surely have G, p — . (14¢) .

Proof. Write v/ =+'(n)=~(1+¢). Let p’ =p'(n) be as in the statement of our lemma.
Suppose for a contradiction that Gy, y —.,» H fails with probability at least >0 for

arbitrarily large values of n, where 8 is some positive absolute constant. Put A=
AMn)=p(n)/p'(n) <1. Note that we may generate Gy, , by first generating Gp p and

then randomly removing its edges, each with probability 1— X, and with all these
deletions independent. Looking at this method for generating Gr, p, we shall deduce

below that the probability that (*) Gpp —- H fails is at least 6/3 for arbitrarily
large n, which is a contradiction.

Let § =¢/4. For arbitrarily large n, with probability at least 26/3 we have
that (t) Gpp — H fails and e(Gp, ) = (14+01(6))p'(3). Suppose that, when
generating G, p by the above method, we first generated a Gpp satisfying M
above, Let J = J(Gy ) C Gny be an H-free subgraph of G, 5 with e(J) >
v e(Gp ). Clearly, the H-free subgraph Jy = JNGpryp of J is a subgraph of
our Gpp. We have e(Jy)=(14-01(6))Ae(J) and e(Gy p) =(1+01(8)) Xe(Gp, ;) with
probability 1—0(1), and hence we have e(Jy) >~e(Gpp) with probability 1—o(1).
Therefore, given that Gy, ;v satisfies (1) above, the probability that we generate
a Grpp for which (*) fails is 1-0(1). Since the probability that we generate Gn p
satisfying (1) is at least 26/3 for arbitrarily large n, we conclude that our Gy, , will

fail to satisfy (*) with probability at least §/3 for arbitrarily large n, which is the
contradiction we were after. ']

Proof of Theorem 2. Theorem 2 follows at once from Lemmas 18 and 19. | |

A simple variant of the method used in the proof of Lemma 19 gives the
following ‘equivalence result’ between the binomial and the uniform models of
random graphs with respect to the property G—. H.

Lemma 20. Let H be a graph. Consider the following two assertions.
Spin(7,0): Gn,p—~H holds almost surely,

Sunie{7, M): Gp pr —~H holds almost surely,
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where 0 < y=v(n) <1,0<p=p(n) <1, and 0 < M = M(n) < (3) are arbitrary
functions. Suppose w=w(n)—co as n—oco. Then the following holds.
(i) Suppose pn? — o0, w::o(npl/g), and h=h(n) =wnpl/?. Let v =~(n)=v+
2h/M" and M'=M'(n)=[p (g) +h}. Then Sy, (v,p) implies Syuie(y', M').
(i) Suppose M = M(n) — oo, w = o(M'?), and h = h(n) = wM2
Let ~' =+'(n) = y+2h/M, and p' = p'(n) = (M + h) (g)—l. Then Syui(v, M)
implies Spi, (Y, p)-

Proof. Let us prove (i). Assume Spi,(7,p) holds. We may generate G, pr by first
generating Gy, p conditioned on the event E={e(Gpp) <M'}, and then randomly
adding M’ —e(Gp, p) edges to it so as to have a graph with M’ edges. For clarity,
let us write G;E%p
that P(E) = 1—0(1), and hence the effect of conditioning on E is, so to speak,
negligible. We now claim that Gy, pp —.s H holds with probability 1—o(1).

for our binomial random graph G, conditioned on E. Note

Suppose our claim fails, and hence, for arbitrarily large n, there exists with
probability at least § > 0 an H-free subgraph J C Gy, pp of Gy, pp with e(J) >

'y’e(GnyMr), where 6 is some positive absolute constant. Observe that if JC Gy, pyr

is an H-free subgraph of G, s, then, obviously, J' = JOG,EP C GT}ip is an H-
E

n,p*

and hence almost surely ex(G

free subgraph of G Now note that almost surely we have M’ — e(Gﬁp) < 2h,

E
/n’fp’

that ex(Gy pr, H) > 7 e(Gp ayt) with probability 8 >0 for arbitrarily large n, we

H) > ex(Gy p, H) —2h. Since we are assuming

have
ex (GE

nps d) 2 v'e(Grppr) — 20 > ¥ M ~2h > fye(Gf)p)

with probability 8/2 for arbitrarily large n.  Since G,ﬁ p 1s the binomial
random graph Gpjp conditioned on the almost sure event E, we deduce
that ex(Gp p, H) > ve(Gnp) with probability at least 6/3 for arbitrarily large n,

contradicting Sy, (7,p). Thus Sypie(y', M') follows. The proof of (i) is similar. 1

Proof of Corollary 3. Corollary 3 follows easily from Theorem 2 and Lemma 20.

5. Deterministic Consequences

In this section we give a few results concerning the existence of very sparse
graphs G =Gy, that satisfy G—>2/3+71 K* for any fixed > 0.

If H is a graph of order |H| > 3 and size e(H) > 1, recall that its 2-density
is do(H)=(e(H)—1)/(JH| - 2). For an integer k >3, let #; be the family of all
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graphs H with 3<|H| <k, e(H)>1, and do(H) > do(K*). Also, let Forb (#},) be
the collection of all graphs G that are H-free for all H € #},. The following result
may be proved by the so called ‘deletion method’. (For details, see [8, 9].)

Theorem 21. Let 0 <5 <1/3 and k>3 be fixed. Then there exists a graph G =
G,k €Forb (#},) such that G—q/3,, K. 1

We now single out a corollary to Theorem 21. In Corollary 22 below, the
property that G belongs to Forb(#},) in Theorem 21 is replaced by a collection
of simpler and more concrete conditions. For instance, one of these conditions is

that G should not contain a copy of K°. To state another condition that appears
in Corollary 22, we need to introduce a definition.

Let G be a graph. Suppose Ki,...,K) (h > 2) are distinct copies of K*
in G, and e; € F(K}1),...,ep,_1 € B(Kj,_1) are h—1 edges of G such that F(K;)N
Ur<jci E(EG) ={ei—1} and V()N <j; V() =V (e;) for all 2<é <h. Then we
say that (K1,...,K},) is an (h, K*)-path in G. Now assume that (K7,...,K},) is an
(h, K*)-path in G and that the edge e € E(Q) joins a vertex in V (K1 NU1<j<n V(£;)
to a vertex in V(K,)\U;<;<p, V(K;). Then, (K1,...,K}p;e) is said to be an (h, K'4)-
quasi-cycle in G. -

It is immediate to check that if (K7,...,K},) is an (h, K*)-path, then H =
Ui<j<n K has 2-density do(H) = do(K*%). Also, if (K1,...,Ky;e) is an (h, K*)-
quasi-cycle, then H' = H +e has 2-density do(H')>do(K*?).

Corollary 22. For any 0<n<1/3 and k > 1, there is a graph G = G, i such that
(i) G contains no K°, (ii) any two copies of K* in G share at most two vertices,
(i) G contains no (h, K*)-quasi-cycles for any 2<h<k, and (iv) G-9/34y K4 1

We remark that Erd6s and NeSetfil have raised the question as to whether the
graphs G, 1. as in Corollary 22 exist.

6. A Conjecture

In this short paragraph we state a conjecture from which, if true, one may
deduce Conjecture 1. Let H = H" be a graph of order |H|=h>3 and suppose H
has vertices vy,...,v,. Let 0 <p=p(m) <1 be given. Let also V = (V;)ilzl be a
family of h pairwise disjoint sets, each of cardinality m. Suppose reals 0 <e <1
and 0 <y <1 and an integer T are given. We say that an h-partite graph F
with h-partition V(F)=V1U...UV}, and size e(F) =|F|=T is an (e,v,H;V,T)-
graph if the pair (V;,V;) is (¢, F,p)-regular and has p-density v < dp,(V;,V;) <2
whenever v;v; € E(H).
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Conjecture 23. Let constants 0 < a <1 and 0 <y <1 be given. Then there are

constants e =¢e(«,v) >0 and C'=C{o,~) such that, if p=p(m) > Cm~Yd(H)  the
number of H-free (¢,v,H;V,T)-graphs is at most

ol <(g)T mz)

for all T and all sufficiently large m.

If H above is a forest, Conjecture 23 holds trivially, since, in this case, all
(e,v,H;V,T)-graphs contain a copy of H. A lemma in Kohayakawa, Luczak,

and Rodl [13] may be used to show that Conjecture 23 holds for the case in
which H = K3, 1In fact, this lemma from [13] is similar in spirit to Lemma 8
above, although much simpler.
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