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For 0 < ~' _< 1 and  g raphs  G and H,  write G---~, H if any  "),-proportion of the  edges of G spans  
at  least  one copy of H in G. As cus tomary ,  write K r for the  comple te  g raph  on r vertices.  We 
show tha t  for every fixed real 7/> 0 there  exists  a cons tan t  C = C(r/) such  t ha t  ahnos t  every r a n d o m  

graph  Gn p wi th  p = p(n) > Cn-2/5 satisfies G,r~ p -~2 3+0 K4  The  proof  makes  use  of  a var iant  of  
Szemer6di ' s  regular i ty  l e m m a  for sparse  g raphs  and  is based on a cer ta in  supe rexponen t i a l  e s t ima t e  
for the  n u m b e r  of p seudo- random t r ipar t i te  g raphs  whose t r iangles  are not  too well d is t r ibuted .  
Rela ted  resul ts  and a general  conjecture  concerning H-free  subg raphs  of r a n d o m  g raphs  in the  
spir i t  of the  E rd6s -S tone  theo rem are discussed.  

O. Introduction 

A classical area of extremal graph theory investigates numerical and structural 
problems concerning H-free graphs, namely graphs that  do not contain a copy of a 
given fixed graph H as a subgraph. Let ex (n, H) be the maximal number of edges 
that  an H-fl'ee graph on n vertices may have. A basic question is then to determine 
or estimate ex (n ,H)  for any given H and large n. A solution to this problem is 
given by the celebrated ErdSs-Stone theorem, which implies that,  as n--* ~ ,  we 
h a v e  

( , 
(1) e x ( n , H ) =  1 x ( H ) - I  ' 

where as usual x (H)  is the chromatic number of H. Furthermore, as proved 
independently by Erd6s and Simonovits, every H-free graph G = G n that has as 
many edges as in (1) is in fact 'very close' (in a certain precise sense) to the densest 
n-vertex ( x ( H ) -  1)-partite graph. For these and related results, see, for instance, 
Bollobs [2]. 
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Here we are interested in a variant of the function ex (n ,H) .  Let G and H 
be graphs, and write ex (G, H)  for the maximal nmnber of edges that  an H-free 
subgraph of G may have. Formally, ex (G, H ) = m a x { e ( J )  : H ~ J C G}, where e(J)  
stands for the size IE(J)] of J. Clearly e x ( n , H ) = e x ( K n , H ) .  As an example of a 
problem involving cx (G, H)  with G # K n, let us recall that  a well-known conjecture 

of Erd6s states that  ex(Qn,C 4) = (1/2 +o(1))e(Qn), where Qn stands for the n- 

dimensional hypercube and C 4 is the 4-cycle. (For several results concerning this 
conjecture, see Chung [4].)' 

Our aim here is to study e x ( G , H )  when G is a ' typical '  graph, by which we 

mean a r ~ d o ~  ~ap l , .  Let 0 < p = ~)(~) < 1 and 0 < M = M ( ~ )  < N = (~) be 
given. The standard binomial random graph Gp = Gn,p has as its vertex set a 

fixed set V(Gp) of cardinality n and two such vertices are adjacent in Up with 
probability p, with all such adjacencies independent. The random graph GM = 
Gn, M is simply a graph on a fixed n-element vertex set V(GM) chosen uniformly at 

random from all the (N) possible candidates. (For concepts and results concerning 

random graphs not given in detail below, see e.g. Bollobgs [3].) Here we wish to 
investigate the random variables ex (Gn,p, H) and ex (Gn,M, H). 

Let H be a graph of order [H I = 1V(H)I > 3. Let us write d2(H) for the 
2-density of H, that  is 

d2(H) = max ~-~---~ : J C H, I J] > 3 . 

Given a real 0 < e < 1 and an integer r >_ 2, let us say that  a graph J is e-quasi 
r-partite if J may be made r-part i te  by the deletion of at most ee(J )  of its edges. 
A general conjecture concerning ex(Gn,p,H) is as follows. For simplicity, below we 
restrict our attention to the binomial random graph Gn,p. Much of what follows 
may be restated in terms of Gn, M. As is usual in the theory of random graphs, we 

say tha t  a property P holds almost surely or tha t  almost every random graph Gn,p 
or Gn, M satisfies P if P holds with probability tending to 1 as n--~ oc. 

Conjecture 1. Let H be a non-empty graph of order at least 3, and let 0 < p = 

p(n) < 1 be such that phil  d2 (H) __+ cc as n--+ co. Then the following assertio~s hold. 

(i) Ahnost every Gn,p satis/~es 

( 1 + o(1) )e(Gn,p) .  (2) e x ( Q p ,  H)  = 1 X(H)  - 1 

(ii) Suppose x(H)  >_ 3. Then for any e > 0  tlaere is a 6 : 6 ( e )  > 0  such that 
almost every Gn,p has the property that any H-free subgraph J C Gn,p of Gn,p 
with e(J) > (1 - 5)ex (Gn,p, H) is e-qu~i (X(I-I) - 1)-partite. 

Recall that  any graph G contains an r-par t i te  subgraph J C G with e(J )  >_ 
( 1 - I / r ) e ( G ) .  Thus the content of Conjecture 1(i) is that  ex(Gn,p ,H)  is a most 
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as large as the right-hand side of (2), or, in other words, that  Gn,p --*7 H holds 

almost surely for any fixed ~/> 1 - 1 / ( x ( H ) -  1). There are a few results in support 
of Conjecture 1(i). 

Any result concerning the tree-universality of expanding graphs or else a sim- 
ple application of Szemer4di's regularity lemma for sparse graphs (see Lemma 4 

below) give Conjecture 1(i) for forests. The cases in which H = K  3 and H = C  4 are 
essentially proved in Frankl and Rhdl [5] and Ffiredi [6], respectively, in connection 
with problems concerning the existence of some graphs with certain extremal prop- 
erties. The case in which H is a general cycle was settled by Haxell, Kohayakawa, 
and Luczak [8, 9] (see also Kohayakawa, Kreuter, and Steger [12]). Conjectm'e 1(ii) 
in the case in which 0 < p < 1 is a constant follows easily from Szemer4di's regu- 
larity lemma [16]. A variant of this lemma for sparse graphs (cf. Lemma 4 below) 
and a lemma from Kohayakawa, Luczak, and Rhdl [13] concerning induced sub- 

graphs of bipartite graphs may be used to verify Conjecture 1 for H = K a in full. 
(See comments following Conjecture 23 for further details.) Still in the case in 

which H = K a, for 0 < p < 1 sufficiently close to 1/2, a much stronger result than 
Conjecture 1(ii) was proved by Babai, Simonovits, and Spencer [1]. Finally, let us 
note that  a result concerning Ramsey properties of random graphs in the spirit of 
Conjecture 1 was proved by Rhdl and Rucifiski [14, 15]. 

Here we prove Conjecture 1(i) for H = K  4. Our results are as follows. 

Theorem 2. For any constant 0 < r/< 1/3, there is a constant C = C(~I) for which the 

following holds. I f  O _<p=p(rt) < 1 is sudl that p >  Crt -2/5 for d l  large enough r~, 

then ~hnost every Gp = Gn,p is such that Gp--~2/3+~l/s 

Corollary 3. For any constant 0 < ~] < 1/3, there is a constant C = C(r]) for Mlid~ 

the following holds. I f  0 <_ M = M(n)  <_ (~) is such that M > Cn s/5 for ali large 

enough ~, then almost evely O M = On, M is such that O M --~2/3+71 ts 

In Section 6 below, we formulate an auxiliary conjecture (Conjecture 23) that,  
if proved, would imply Conjecture 1 in Nll for all graphs H. 

Finally, let us mention that Conjecture 1, if true, would immediately imply 
the existence of very 'sparse' graphs O satisfying the property that  G --~7 H fo r  

any 7 > 1-1/( ,~f(H)- l ) .  A simple corollary of Theorem 2 is that,  for any r/> 0, there 

is a graph O = On that  contains no K 5 but we have G--.2/3+~1 K4 (see Section 5). 

Erd6s and Neietfil have asked whether such graphs exist. 

This paper is organised as follows. In Section 1.1 we give a short outline of the 
proof of our main result, Theorem 2, and in Section 1.2, some preliminary results 
are given. In Section 2 the distribution of triangles in random and pseudo-random 
graphs is studied. In Section 3 we prove a key lemma in the proof of our main 
result, Lemma 16. Theorem 2 is proved in Section 4. In Section 5 we discuss a 
deterministic corollary to Theorem 2 concerning the Erd6s-Ne~etfil problem. Our 
last paragraph contains Conjecture 23. 
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1. Out l ine  of  P r o o f  and  P r e l i m i n a r i e s  

1.1. Out l ine  of  the  p r o o f  o f  T h e o r e m  2 

The proof of our main result is somewhat long and hence, for convenience, in 
this section we describe its main steps. Here we try to avoid being too technical. 

The proof of Theorem 2 naturally splits into two parts.  Suppose p = p(n) >_ 

Cn -2/5, where C is some large constant, and let H be a spanning subgraph 
of @ = Gn,p with 'relative density' e (H) /e (@)>_  ~. Let us say that  two vertices x, 

y E Gp are K 4_-connected by H if there are two other vertices zl, z2 E H such that  

both  {x, zl,z2} and {zl,z2,y} induce triangles in H. Sometimes we also say that  
such a pair xy is a pivotal ])air. 

In the first part  of our proof, we show that  the nmnber of pairs of vertices x, 

yEGp that  are K4-connected by H is roughly at least (2~-1 ) (~ ) ,  as long as C is a 

large enough constant. The precise statement of this result is given in Section 3.2, 
Lemma 16. The second part  of the proof consists of deducing our Theorem 2 from 
Lemma 16. This part  is less technical than tile first, and is also considerably shorter. 
The method used here was inspired by an argument in RSdl and Rucifiski [15], and 
a version of this technique was used in Haxell, Kohayakawa, and Luczak [8]. Let 
us give a brief description of this method. 

Thus let Gp = Gn,~ be the binomial random graph with p = p(n) > Cn -2/5, 
where r is some large constant, and let a constant 0 < rl < 1/3 be fixed. For 
simplicity, let us also assume that  p = p(n) --* 0 as n --* oo. \u may write Gp as 

the union of k independent random graphs G~I (1 <_j _< k), where k is some large 

constant to be carefully chosen later. Since p = o(1), below we may ignore the 

edges of Gp = Gl l  U. . .  U Gpkl that  belong to more than one of the @1" Let us 

now ask an 'adversary '  to choose a subgraph HCGp of Gp of size at least ;ke(Gp), 
where ,k = 2/3 + '7, or, equivalently, let us ask our adversary to choose a set of 
edges F C E(Gp) with IF[ > ~e(@). Our aim is to show that  such a set F nmst 

span a K 4. 

Instead of asking our adversary to pick F directly, we ask him to pick 

F N E(GJm) tbr all j .  For some J0, we must have IF N >_ xe(ap l j0 ) .  

We may in fact ask our adversary to pick first J0 and Fjo = F A E(GJ~), and 

leave the choice of FNE(GJpl) (j CJo) for later. By Lemma 16, we know that  at 

least ~ (2X - 1)(~) = (1/3 + 2r/)(~) edges of K n join pairs of vertices that  are K 4- 

connected by Fjo. We now show G / =  ~jCjo G~I to our adversary, and ask him to 

pick FnE(G~). Note that ,  with very high probability, at least 1/3+r~ of the edges 

of G I will be fbrmed by K4_-connected pairs, and if our adversary puts any of these 

edges into FnE(GI),  then F will span a copy of K 4. However, since G / contains 
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an extremely large proportion of the edges of Gp (we choose k very large), our ad- 

versary is forced to pick at least 2/3 of the edges of G ~, and hence he is forced to 

'close' a I( 4 by picking a I (4-connected pair xy for an edge of H.  

Let us close this section with a few words on the proof of Lemma 16. Recall 

tha t  in that  lemma we are concerned with estimating the number of K4 -connected 

pairs induced by subgraphs of random graphs. A very simple lower bound for the 
number of such pairs induced by an arbi trary graph H .  is given in assertion (*) 
in Section 3.1. This estimate is far too weak to be of any use when dealing with 
subgraphs of random graphs, but a weighted version of this estimate,  Lemma 15, 
is important  in the proof of Lemma 16. Another important  and a much deeper 
ingredient in the proof of Lemma 16 is a version of Szemerhdi's regularity lemma [16] 
for sparse graphs; see Lemma 4 in Section 1.2 below. A simple application of 
Lemmas 4 and 15 allows us to focus our attention on certain e-regular quadruples. 
The key lemma concerning such quadruples is Lemma 17 in Section 3.2. The proof 
of Lemma 17 is based on certain results concerning the number and the distribution 
of triangles in random and pseudo-random graphs. Section 2 is entirely devoted to 
those results. The main lemmas in Section 2 are Lemmas 7 and 10. 

1.2. P r e l i m i n a r i e s  

Let a graph H =  H n of order IH{ = n  be fixed. For U, W C V =  V(H) 
with UOW=O, we write E(U,W)=EH(U,W) for the set of edges of H tha t  have 
one endvertex in U and the other in W. We set e(U, W)=eH(U , W)= IE(U, W)I" 

The following notion will be needed in what follows. Suppose 0 < r/ ___ 1 
and 0 < p < 1. We say that  H is rl-upper-uniform with density p if, for all U, 
W C V with U N W  = (~ and IUI, ]W] _> r/n, we have eH(U,W) <_ (l§ 
Clearly, if H is r/-upper-uniform with density p, then it is also r/t-upper-uniform 
with density pt for any 77 ___ r/t _< 1 and any p < p / <  1. In the sequel, for any two 
disjoint non-empty sets U, W C V, let 

du,p(U, W) = eH(U , W)/PtUllW I 

be the p-relative density or, for short, the p-density of H between U and W. Now 
suppose ~ > 0 ,  U, W c V ,  and UAW=O. We say that  the pair (U,W) is ( r  

regular if for all U'CU, W ' c W  with IU'J>r and Iw'l>r we have 

IdH,p(U', W') - dH,p(U , W)I < ~. 

We say that  a parti t ion P = (~ )0  k of V = V(H) is (r if IV01 __< r 

and ]Vll . . . . .  ]Vkl. Also, we say that  V0 is the exceptional class of P.  When the 
value of z is not relevant, we refer to an (6,k)-equitable part i t ion as a k-equitable 
partition. Similarly, P is an equitable partit ion of V if it is a k-equitable parti t ion 

for some k. Finally, we say that  an (r part i t ion P = (t~)0 k of V is 
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(~, H,p)-re9ular if at most e (k2) pairs (V/, 1/3.) with 1 < i <  j _< k are not (r 

We may now state an extension of Szeme%di's lemma [16] to subgraphs of ~kupper- 
unitbrm graphs. (The fact that  this extension of the regularity lemma holds has 
been observed independently by Kohayakawa and Rhdl; for other sparse variants 
of that  lemma, as well as for further comments on them, see [11].) 

Lemma 4. For any g~ven e >0  and k 0 >_ 1, there are constants 7 I = )7(E,kO) > 0  
and Ko = I(o(r >_ ko that depend only on r and ho such that any 7puppet- 
uniform graph H with density 0 < p <_ 1 admits an (r (e,k )-equitable 
partition of its vertex set with ko < k <_ KO. | 

Using standard estimates for tails of the binomial distribution, it is easy to 
check that  a.e. Gn,p is ~/-upper-uniform with density p for any constant O < r /<  1 

if d=pn  is larger than some constant do = d0(r/). The interested reader is referred 
to Section 3.2 of [7] for farther discussions and a more precise result. 

Let us introduce a piece of notation before we proceed. If U1,... ,  Ue c V (J )  are 
pairwise disjoint sets of vertices of a given graph J ,  we write J[U1,... ,  U~] for the g- 
part i te  subgraph of J naturally defined by the Ui (1 < i _< g). Thus, J[U1,... ,  Ue] has 

vertex set U~ ui and two of its vertices are adjacent if and only if they are adjacent 
in J and, moreover, they belong to distinct Ui. 

Now suppose we have real numbers 0 < p ___ 1, 0 < c _< 1, 0 < ~0 <- 1 and 
an integer m >_ 1. Suppose the above Ui (1 < i < g) all have cardinality m, and 
write 7ij for the p-density dd,p(Ui,Uj) for all distinct i and j .  Suppose L is a graph 

on [g] = {1,... ,s such that,  for any 1 <<_i<j <g, the pair (Ui, Uj ) i s  (e, J ,p)-regular 

and ~/ij >-~/o whenever i j  c E(L).  

We may now state our next lemma. In what follows, we write Ol (z )  for any 
term y satisfying IY[ <-x. Also, as usual, we write A = A(L) for the maximal  degree 
of L and we write F j ( z )  for the J-neighbourhood of a vertex xE V(J) .  

Lemma 5. Let J, L, and the sets Ui ( l < i < g )  be as above and let A = A(L).  
Suppose 0 < e < 1/(2A + 1) and put ~ = (2A + 1/~0)e and /z = 2Ae. Then there 

are sets U'i C Ui with I(fi[ > (1 -~L)m fbr all 1 < i < f such that, for all x C (Q and 
any 1 < i <_ g, we have 

(3) = I r j ( x )  o C jl = ( i  + 

for any j with i j  E E(L).  

Lemma 5 above is very similar to Lemma 2 in [7], and hence its rather ele- 
mentary proof is omitted. We close this section with a very simple large deviation 
inequality tbr the hypergeometric distribution. This inequality will be used in Sec- 
tion 2.1 below. 
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Lemm a  6. Let 1 < a < n and 1 < t < r < n be integers, and suppose R C [n] is an 
r-element subset of In] = {1, . . .  ,n} chosen uniformly at random. Then 

( )'(:) ~(IRn [all >_ t) __< a , ~ - 7 + 1  " I 

2. T r i a n g l e s  in P s e u d o - R a n d o m  a n d  R a n d o m  G r a p h s  

2.1. T h e  c o u n t i n g  l e m m a  

Let m > 1 be an integer. In this section we shall consider a fixed triple V = 
(VI, 172, V3) of pairwise disjoint sets with m/2 <_mi = [V/[ < m  for all iE  {1,2,3}. We 

shall also suppose tha t  0 < p = p(m) < 1 satisfies pm> m 1/2+ 1/log log log m for all large 
enough m and, moreover, tha t  p = o ( 1 )  as m - + o o .  In this section, all the  asymptot ic  
nota t ion  refers to m - +  oo. Our aim is to est imate from above the number  of certain 
pseudo-random t r ipar t i te  graphs F with t r ipar t i t ion V(F) = 171U172U173 tha t  contain 
unexpectedly  few triangles given the nmnber  of edges tha t  they have, or else whose 
triangles are not  too regularly distributed.  

Before we may describe precisely which graphs F are of interest  to us, we 
need to introduce a few definitions. In what  follows, indices will be taci t ly  taken 
modulo  3 when convenient. Let 0 < 5 < 1 be given. Suppose e E E F ( ~ - I ,  17/+1) = 

E ( F [ ~ - I ,  ~+1])  (i E {1,2, 3}) and let ka(e) = kF3(e) be the number  of triangles of F 

tha t  contain e. We shall say tha t  e is (5,K3)-poor if 

k3(e) < (1 -- 5)dF,p(Vi, Vi-1)dF, p(Vi, V/+l)p2mi.  

The  graph F is (5,K3)-unbalanced if, for some i E {1,2,3}, the number  of (5, / (3)  - 

poor  edges in EF(V/_I ,V/+I )  is at least 5 e F ( V / _ I , V / + I ) = 5 1 E F ( V i _ I , V i + I )  I. For 

simplicity, below we write "Yi = dF, p(Vi-1, ~+1) (i E {1,2, 3}) andl if x E 17/ and i 

j E {1,2, 3}, we let dij (x) = IFF(x) N ~ [ .  

Now suppose integers m and T and real constants 0 < g _< 1, 0 < % < 1, 
and 0<0_<1  are given, and let V =  (171,172,173) and m=(ml ,m2 ,m3)  be as above. 
Let  us write 0% (g, 90,0, T)  = ~p  (g, 90,0; V,  T)  for the set of t r ipar t i te  graphs F with 

t r ipar t i t ion  V(F) = 171 to 172 t0 17a tha t  satisfy the following properties:  

(i) (1P1,172,173)is an (g,F,p)-regular triple, 

(ii) ~0_<~i=dF, p (~_ l ,~+ l )_<2  for an i~{1,2,3}, 

(iii) dij(x)= [FF(x)MVj[ = (1 +Ol(~))~/kpmj for all x E 17i and any choice of i, j ,  

and k such tha t  {i,j, k} = [3], 
('iv) F has size e(F)=IE(F)]=T. 
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Moreover, for any given 0 < 6_< 1, let J;~(g,9o, O, T) =~(g,#o,  0;V,T) be the set of 

(~,Ka)-unbalanced graphs F in ~v(g,%, 0,T). Put  

fSp(g, 90, ~; m, T) = [:~sp(g, 90, ~; V, T)I. 

Sometimes the labelling of the vertices of the graphs in ~;p(g,~o,O;V,T) or in 

:~ (g ,%,0 ; V ,T )  is not relevant, and in that case we may replace V by m in our 
notation. 

Our crucial counting lemma is as follows. 

Lemma 7. Let 0 < a < _  1, 0 < 9 0  <- 1, and 0 < 5 _ <  1 be given. Then there is a 
constant e0 -= e0(a,~0,6) > 0 that depends only on ~, 90, and 6, for which the 
tbIIowing holds. Suppose 0 < p =p(m) <_ 1 is such that p >_ m -1/2+l/l~176176 for 
all large enough m and, moreover, p = o(1) as m-~ co. Then, if ~ <_ ~0 = 6/27, e <_ co, 
and m is su~ciently large, we have 

f~p ( g, 9o, O; m, T ) = l ~  ( g, a/o, 9; m, T ) l <_ a T ( 3T 2) 

for all T and a11 m=(ml ,m2,m3)  with m/2<mi  <m (iE{1,2,3}). 

Most of the rest of Section 2.1 is dedicated to the proof of Lemma 7 above. 
Our general strategy in this proof is as follows. We randomly generate a tripartite 
graph F with tripartition V(F)= lgl U 122 tO 17z3 and size e(F)= IE(F)t =T, and show 

that  the probability that the graph we obtain will be a member of ~hp(g,%,0,T) 

is suitably small. We generate F in steps: we first generate F[172,r~3]. We then 

generate F[I>I, V3] and analyse the structure of the graph F[V1, Va] tO F[V2, V3]. We 
then finally generate F[I?I, 172] and show that the appropriate probability is indeed 
small. 

Let us now make precise the process by which we generate F. We first of all 
fix a partition T = T1 +T2 +T3 of T such that, putting 7i = Ti/pmi~lmi+l, we 
have 90 <-'Yi _< 2 for all i E {1,2, 3}. Note that,  because of condition (ii) above for F,  
we may disregard the T for which such a partition does not exist. Let us suppose 
that  the bipartite graph F23 = F[V2,Va] has been fixed, and that  the following 
properties hold (cf. (i)-(iv) above): (a) the pair (V2,I2.3) is (g, F23,p)-regular, 
(b) = IrF  ( )n l = (1 for all e q ,  w h e r e  {'i,j} = {2 ,a} ,  

and (c) e(F'23)=T1. 

We now fix the degree sequence for the vertices x E r~l in the bipartite graph 
F[I91, V3], and generate this graph respecting this sequence. Thus let (dl3(x))xeg ~ 

with ~ * e r  dla(X) = T2 and dla(x) = (1 + Ol(0))72pma for all x e IPl be fixed, 

and generate the bipartite graph F13 = F[VI,g3] by selecting the neighbourhoods 
PFla(X ) C ga (m E V1.) randomly and independently for all x C 1771. Thus, for 
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every x E 1)1, all the d13(x)-element subsets of I2. 3 are equally likely to be chosen as 

the neighbourhood of x within f/3. We now analyse the s t ruc ture  of F13 U F23 = 
F[r  r U f[Y2,  V3]. 

For convenience, let us put  dij = A v e x E ~ d i j ( x ) =  Tk /mi  = ~/kpmj for all i, 

j ,  and k with {i , j ,k}  = [3] and k =fi 3. Pu t  also all3 = 72pm3 and d23 = "71Pm3. 
Thus d l a ( x ) =  (l +01(O) )dla for all x ~ ~1, and d2a(y)= (1+01(0) )d23 for all y C 92. 

Let 0 </31 < 1 be given. For all x E 1)1, put  

% : %(x,p~) : {y e f4:  ~(~,y) <_ -Z~d13~23/~3}, 

where or(x, y) = d(x, y)-d13d23/m3 : IPF~ (x)VIFF2a (y)]-d13d23/m3. Note tha t  the 

set 192(x,/31) is defined in such a way that  the following fact holds: if e = x y  (x E f/l, 
y E IF2) is an edge of F ,  then e is a (/31,I(3)-poor edge if and only if y E 192(x,/31). 

Now let 0 < /32 _< 1 be given. Below we say tha t  x E 1)1 is (fll,/32)-faulty 
if 1192(x,fll)[ >_ /32m2. Note that ,  clearly, since we are condit ioning on F23 = 

F [~ , I )3 ] ,  the event tha t  a vertex x E f/1 should be (/31,/32)-faulty depends only 

on the random set FF~a (x) C I)3 tha t  is chosen as the neighbourhood of x within 12. 3. 
Our next  lemma is the key technical result  in the proof  of the main lemma in 

this section, Lemma  7. 

Lemm a  8. Suppose the constants 0 </31 <- 1, 0 < f12 < 1, 0 < qO <- 1, 0 < g<_ 1, and 0 < 
O < 1 are such /31/32 --> 27~, /320_< g, and f12 < Z/O. Then, for all sutticiently large m, 

the probability that a given vertex x E ff'l is (/31, fl2)-faulty is at most (5g~/~2)&3. 

Proof.  Let  us fix x E 191, and assume tha t  1192t = ]V2(x,fll)l _>/32m2 �9 Let  1)2~ c 192 

be such tha t  'dz2 = 119~ = [f12m2~. The  following assertion, whose proof  we omit,  is 
very similar to Lemma 5. 

Assertion I. There exist sets fZ, d C ~o and ~ C f/3 for which we have 'm; = I~?JI _> 

( ~ -  2e//32)~% ~nd .~5 = lgdl >_ (1 - 2e).~a, and ~urthermore 

(4) a~s(Y) = I r e ~ ( y )  n r = 1 + O1 ~22 d23 

for all y E ~ ,  and 

dP32(z) = 'FF, z~(z) N V~' = ( 1 +  01 ( 3y2 ) ) f12d32 (5) 

for all z E f@ 

Using Assertion 1, we prove next  tha t  there exists a small set Y of vertices 

from 19~ whose ~}3-neighbourhood uniformly cover essentially all of 193. We need 
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to introduce some notation. Let us set w = w ( m ) =  m 1/l~176 and let dY(z)=  

IFF2a(z)MY] for all Y c V 2  and all z el/3. Put  also 

?J' = gJ (Y)  = { z <  ?3 : d v(z)  = (1+O1 ( 4 ~ ) )  ~} 

for all Y C 1/2. 

Assertion 2. There is a set Y C (J2 of cardinality q-= IY] = (1 + O1 (3g/fli))wm2/d32 

~cl~ t h a t  I~?~'I = I~.~'(VDI >_ (1 - 2e).~3, and  sucl~ t h a t  

(6) - ( 3 g )  

for all y E Y .  

Let 17~ and 171 be as in Assertion 1. To prove Assertion 2, we construct Y by 

randomly selecting its elements from the set 1/~ C 1}2. Let py-= p y ( m ) =  w//32d32. 

Note that  O<py < 1 for all large enough m. Put  the vertices of ~ into Y randomly, 
each with probability py ,  and with all these events independent. The expected 
cardinality of Y is then 

E(tYI) -= (1 + O1 (~22))2g Wm2d32 ' 

and the expected degree of a vertex z C V~ into Y is 

E ( d  Y (2:)) = 1 -}- O1 CO. 

From standard bounds for the tail of the binomial distribution, we may deduce that  

there is a set Y C ~ C ~2 such that  q = IYI is as required in Assertion 2, and such 

that every z ~ V~ satisfies dY(~)= (1+ O~(4e//%.))~. Note that, for such a set V, 
we have r~ < ~,~,= ~ff(y), and hence I~'1 > IV~I >-(1- 2e)m3. It now sumces to 
notice that every y C Y is such that  

d~3(y ) tPF.2a (y) Q V.ff[ > IFF.2a (y) M 17:~, > (1 3~) = _ _ -- d23, 

since y E Y C ~ and relation (4) in Assertion 1 holds. This completes the proof of 
Assertion 2. 

Assertion 3. The probability that our fixed vertex x E V1 admits a set Y as in 

Assertion 2 is at m o s t  (4g~//~2) d*3. 

Let us first sketch the idea in the proof of Assertion 3. Roughly speaking, the 
set Y is such that  the neighbourhoods FF2a (y) Mlgff of the vertices y E Y within V~' 
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are about of the same size, and the vertices in ~ff are, by definition, covered by 

those sets quite uniformly. Now, since the vertices in Y are all in V2, we have that  
the neighbourhood FF~a (x) of z within ~?a intersects all the neighbourhoods Pg23 (y) 

(y ~ Y) too little. Thus, it intersects the sets FF2a (Y)A I)ff too little as well, and 

this is possible only if it in fact intersects l)ff in an unexpectedly smM1 set. It  then 

suffices to estimate the probability that FF~a (x)N l?ff should be as small. Let us 
now formalise the argument above. 

Assume that  a set Y as in Assertion 2 exists. We consider the vectors g=gX = 
(gz)zE~2~' and fY = (fY)z~g.~' (yEY)  with entries 

1 if z E FF~ a(x) 
9z = -dla/m3 otherwise, 

and 

1 if z E FF2 a(v) 
fY = -d2a/m3 otherwise. 

We first estimate ~z = ~VEY fy for z E l)ff. For any fixed z E V.ff, we have 

yEY "1I~3 rrz3 ] m3 

"m3 / ~2 w m3 

We have d23 = 71pm3 = o(m3), and since d23/m3 = T1/m2m3 = d32/m2, we 
have du3q/m3 = (1 + O1 (3e/~2)>. Therefore 

r  1 +  ~ -  1 -  ~ _ < ~  

for large enough m, and similarly (z >- -(8g//~2)w if m is sufficiently large. Given two 
vectors a =  (~z)zeg'  and b = (bz)zeq, ,  for convenience, we let (a, b) = Ez~>~' ~zbz. 
\Ve now estimate ~yEy(fY,g) .  We have 

BEY \yEY I z E ~  

Therefore 

(f~, g) 
yEY 

8g 

zEV.ff zEe~' 
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We have from our assumptions on our constants that 0 -< g//32 <_/3t/27 < 1/27. 
Hence 

9 d [gzl 5_ ~ [gzl <- (1 + O)dla + d l a  <_ 
z~R" z eVa v 3 

with plenty to spare. Thus 

(r) I 18g 
E < f Y , g )  < --~2 wd13. 
yEY 

We now give a lower estimate for the left-hand side of (7) in terlns of the a(x,y) 
- II (y E Y). Let d~/3(x)= tPFla(x)CIVil and recall that we let d~a(Y) = ]PF.2a (Y) mEAl-" 

for a l l y E Y .  Put  m.~-  - "  �9 -IV~ [ and d"(x,y) = IrF~a(X)nCF=a(y) • g"'l fox" all y e Y. 3 
Fix y E Y. Clem'ly d" (x, y) < d(x, y) = IPFla (a) N FF2a (Y)[. Thus 

<f~, g> = d"(. ,  ~) - dx_Aa { 4 3 ( y )  - d"(x, y) } - ~ { 4 3 ( . )  - d"(~, y) } 1~3 'rr~ 3 

dlad2a [ ,, \ 
+ m--T\ma - {d~a(m ) + d~a(y ) -d" (x , y ) } ) .  

V~rrite d~a(X)= (1- r )d13 .  Recalling (6), we see that 

d d " (fY,g) < d(x,y) - 2 dlad2a + 13 23m3 
- m3 m 2 

+ 3gdlad'~3 rd13d23 dl3d"(x, y) d23d~(x, y) ~ +  + + 
t%~m3 m3 ma m3 

d13d23d~3(x) diad23d~3(y) + d13d2ad"(x, y) 
m 2 m~ m~ 

3gdlad23 dlad23 d13 + d23 d"(x, y) + o (dlad23 "~ 
5 ~(x,Y) + /52m3 + r + . . m3 m3 \ m3 J 

where we used that, trivially, m~ _< m3, and that dl3(X), d23(Y), and d"(x,y) are 
all o(m3), since by assumption p=p(m)---+O as m--+oo. However, 

d13 + d23 E d"(x, y) - d13 + d23 E IFF'a (x) N FF2 a (y) N lZ.ffl 
m 3 'rlz 3 yCY yEY 

< d13"t-d23 { - } 

<-- dla + d23 (l + O) (1q- 4-~2 ) 
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which is o(d13d23q/m3 ). Therefore 

4g ) d13d23q 
(8) E (fY'g> -< - /31 /32 r 

yEY m3 

Using that  q = (l+01(3g//32))wmu/d32 and that  d2a/m3 = d32/?n2, w e  deduce f r o m  

inequality (8) above that  

(9) 

E ( f ~ ' g )  - < -  / 3 1 - ~ - r  1 + 0 1  V wd13 
y6Y  

< - /51 - -z- - r +O1 wdl3. 

1u now claim that r >_ 2g//32. Indeed, otherwise we would have t h a t / 3 t -  4g//32- 
r+Oz(3g//32) >>_ O, and hence, comparing inequalities (7) and (9), we would have 
that/31 - -  4 g / / 3 9 _  - r + o,(ae//32) _< 18e//3u, and consequently that  r >_ 2g//32, which 
is a contradiction. 

Recall that - "  dJ{3(x) = C/V.~ [= (1 - r)d13 and that d13 (x) = IFF~a (x)[= 

(1 + O1 (0)) d13. Also, I~'a \ 17~'] _< 2el gal. Thus we deduce from the existence of the 

set Y that  at least ( r -  g)dla _> rdl3/2 elements of FFla (x)C f/3 are confined to a 

subset of lga of cardinality at most 2gllg.al. Thus, by Lemma 6, the probability that  

such a set Y exists is at most 2 (l+?)d~a (3g)rala/2 < 23dta/2(3g) ?dta/g~- <_ (4d//72) d-a, 
completing the proof of Assertion 3. 

We may now finish the proof of Lemma 8 combining Assertions 2 and 3 above. 
Indeed, writing ~'q for the sum over all q satisfying q =  (l+Ol(3g//32))~rn2/da~, 
we have from the above two assertions that  probability that the vertex x should be 
(/31,/32)-faulty is, for large enough m, at most 

t m 2  

/32da-----7- / , \  2~ / (4d/#=)dla -- (5gUe=)d'a' 

where in the last inequality we used that wra2(logm)/d32 = o(dla), which follows 

easily from our assumption that pm> m 1 /2+l / l~176176  for all sufficiently large m. 
Thus Lenlina 8 is proved. | 

We are now in position to finish the proof of Lemnla 7. 

Proof of Lemma 7. Let us first state a simple fact concerning the Ti. 

Assertion t. For all iC{1,2,3} we have 7~>(%/24)T.  
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Indeed, T <_ ~i~{1,2,a} 7iPmi-zmi+l ! 6Pro 2, and therefore, for any i E {1,2,3}, 

we have 

T i = 7ipmi_l'mi+l >_ --prn 2 > -~ , 

as required. 
Our next observation is an immediate consequence of Lemma 8 and Assertion 1. 

Assertion 2. Let 0 </33 <_ 1 be given. The probability that at/east/3a'ml vertices 

in 121 are (/31,/32)-faulty is at most (6g ~/~2 )/3a~~ 

Indeed, by Lelnma 8 and Assertion 1 above, the probability in question is at 
most 

2~'t,1 ((5~-~//~2)d13)~ 3ft~l ~__ 2 m l  (5~/~2) 3aT1 <_ (6g~/~2) fir%T~24, 

completing the proof of Assertion 2. 
We now describe the last step in the generation of F.  Recall that  we have 

generated Fla tO F23 = F[q,12a] tO F[V2,Va] so far. Let I<[V1,122] be the complete 
bipartite graph with bipartition lP 1 tO 92. To generate F12 = F[V1,122], we randomly 
pick for E(F[121,122]) a Ta-element subset of E(K[VI,r/2]), uniformly chosen from 
all such sets. 

Assertion 3. Suppose that fewer than/33ml vertices in lg 1 are (~31,~32)-faulty. Then 
the probability that at /east 5Ta edges in F12 = F[V1,V2] are (/~l,Ka)-poor is no 

larger than { 4(~ 2 + 133) e~~ } T. 

Recall that an edge xy E E(F[VI,V2]) (x E ~Zl, y E I/2) is (/31,K3)-poor if and 

only if Y E l)2(x, fll). The probability ill question P0 is the probability that  at 

least 5Ta edges xy E E (K[V1,172]) (x E 121, Y G V2) with y E 13"9. (x,/31) are selected to 
be elements of F12. The number of such 'potentially poor' edges xy in K[V1,1/9_] is 
at IItOSt /337}~17r~2 + (1-/3'a)32mlm2 <_ (/32 +/33)mtm2, and hence, by Lemlna 6 and 
Assertion 1, we have 

P0 -< 2Ta {2(/32 +/33)} aTa <_ {4(fl2 + 33)5} #0T/24 5 {4(/32 +/3a)e#~ r, 
proving Assertion 3. 

We may now finish the proof of Lemma 7. Let the constants ~, 70, and 5 
as in the statement of our lemma be given. We then let s0 = e0(c~,~o,5) be such 
that 0<zo<a~0 /27  and, moreover, 

1 (6j/or)%/24 log log(l/s) <_ ~a  

and 
( ~ - -  1 ) 5~~ 1 
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for all 0<g_<~o. 
We now apply Assertions 2 and 3 above with suitably chosen /91, /3.9, ~3, ~, 

and ~. Let ~1 =6  and fix any 0<~_<~0. Let ~2 =27~/6<~0 and/33 = 1/loglog(1/g). 
Recall that  ~0 = 6/27. To complete the proof, we proceed as follows: we suppose 
that  c5 < ~50 is given and that m is sufficiently large for the inequalities below to 
hold. Fix tile partition T = TI+T2§ of T, the bipartite graph F23 = FiZz2, V3], and 

the degree sequence (d13(X))xE~l as above. Then generate F13 = F[V1,V3]. The 

probability that at least ~3m] vertices in V1 are (~l,132)-faulty is, by Assertion 2, 
at most 

Let us now assmne that fewer than flaml vertices in ~z 1 are (/31,~2)-faulty, and let 

us generate F12 =F[V1, V2]. Then the probability that 5373 edges in F12 =FLIP1, IF2] 
are (6,K3)-poor is, by Assertion 3, at most 

We now note that the argument above is symmetric with respect to the indices iE 
{1,2,3} (note the factor '3' below), and thus we may conclude that  

] : ~ ( < % ' 0 ; V ' T ) [ ~ < 3 •  \ T ] T ' 

completing the proof of Lemma 7. | 

Recall that  m and T are integers, 0 < g < 1, 0 < 9o -< 1, 0 < 6 < 1, and 0 < ~ < 1 are 
fixed reals, 0 <p=p(m)< 1 is such that pm---+c~ and p=o(1)  as m-+  c~, and V =  

(~P1, ~?2, I2.3) and m =  (ml,m2,m3), where the lYi (iE {1,2,3})are pairwise disjoint 
.sets with cardinality liP/l =mi (i E {1,2,3}). Our next lemma concerns a property 

of graphs F E :~p (s ~0, ~, T) \ 5p5 (g, ~o, ~, T), namely, graphs F in : ~  (g, ~o, ~, T) that 

are (6, I(3)-balanced. For a vertex x E V(F), let k3(x)= kff(x) denote the number 
of triangles of F that  contain x. 

Lemma 9. Suppose F is a (6,Ka)-balanced graph in ~p(g,~/o,~;V,T). Put 6~= 

(25) ~/2. Then, for any iE {1,2,3}, there are at most 6~mi vertices x in f/i such that 

3  3(x) = < ( 1  - -  - -  6 ),1 2 3P 

Proof. By symmetry, it suffices to prove the statement for i = 1. In the sequel 
we freely use the notation introduced before Lemma 7. Also, let us put dij = 
AVexE~dij(x ) = vkpmj for all i, j ,  and k with {i , j ,k} = [3]. Below we say 
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that  a vertex x E V1 is bad ~f at least 5d12/5' = 5'd12/2 edges in E(F[V-1,V2]) 

incident to x are (5, K3)-poor  edges. The number of such bad vertices x c V1 is at 

most 5'ml, as otherwise the number of (5, Ka)-poor  edges in E(F[V'I, 1)'2]) would be 

more than 5mid12 = 5e(F[V1,1)2]), contradicting the fact that  F is (5, K3)-balanced. 

Note that  an edge e = xlx2 E E(F[IF1,V2]) (xi E Vi, i E {1,2}) that  is not 

(5, Ka) -poor  'contributes'  with at least ka(e)>  (1-5)7172p2m3 triangles to k3(xl).  

Supposing that  xl  e V1 is not a bad vertex, summing over all x2 C V2 for 

which xlxg~ E E(F[V1,V2]) is not a (5,K3)-poor edge, we obtain tha t  

l~3(Xl) >_ ( ( 1 -  O)d12 - ~d12) (1 - 5)'71"/2p2m3 

"/17273p3m2m3 > (1 - ~ - 5/)713,273pam2ma. 

Since, as we saw above, at most 5~'ml vertices x 1 E Yl are bad, the proof is 
complete. | 

2.2. Distribution of triangles in random graphs 

In this section we look at the random graph Gp = Gn,p and study the distribu- 
tion of the triangles it contains. The aim will be to prove that  the triangles of Gn,p 
do not unduly concentrate on any fixed set of edges and vertices. To be precise, 
let x be any given vertex of Gp and let E be a set of edges of Gp taken fi'om the sub- 

graph @[ra~,(x)] induced by the neighbourhood FG, (x  ) of x in Gp. Also, let W 

be a subset of vertices of Gp disjoint from {x}UV(E), where we write V(E) for the 

set V(Gp[E]) of vertices of Gp that  are incident to at least one edge from E. Our 

aim is to find an upper bound for the number of triangles k3(E ,W)= k.G3P(E,W) 
of Gp tha t  are determined by an edge from E and a vertex in W. Note tha t  the ex- 

pected value of this number is p21EtlW I. We shall show tha t  this is an upper bound 
in probability up to 1 + 0 for any fixed 0 > 0 as long as E and W are reasonably 
large and p=p(n) does not tend to 0 too fast. 

Lemma 10. Let el, c 2 > 0  a n d 0 < 0 < _ 1  be given. Then there is a constant Co= 
C0(cl,c2,0) that depends only on el, c2, and O for whid~ the following holds. 
Suppose p = p(n) = wn -2/5 where C O < w = w(n) = o(nl/19~ Then almost 

every Gp -~- Gn,p is such that, if E C E(Gp[FGp(X)]) and W C fV = V(Gp) \ 

({xIuV(E))  for  ome xeV(Gp), then 

(10) H3(E , W) ~Gvf~: W) < (1 + O)p2lEI]W] 
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as long as ]E I ~ c l p 3 n  2 and [W 1 ~c2n. 

Most of the remainder of this section is devoted to the proof of Lemma 10. 
Unfortunately, our proof below is a little indirect and is based on a few auxiliary 
lemmas; moreover, this proof makes use of a technical condition that  w should 
not be too large. The obvious direct approaches based on simple large deviation 
inequalities seem to fail to give Lemma 10. To see why this might be expected, note 

that  (i) for the sets E and W of interest, the expected value E(k3 (E, W)) -- p2[El[ W[ 
of k3 (E, W) is of order O(n) only, while the number of sets W that  we have to handle 
is exp{f~(n)), and (ii) k3(E, W) is a sum of positively correlated indicator variables 
and the most common large deviation inequalities for such sums do not seem to be 
strong enough for our purposes. 

Let us turn to the proof of Lemrna 10. For the rest of this section we assume 

that  p -= p(r~) = cJn -2/5, where Co <_ w -= co(n) = o(n 1/190) and Co is some large 
constant. (The main result for GB with larger p will be deduced from the small p 

case; cf. Lemma 19.) 

Let p3 be the path  of length 2 and E k the k-vertex graph with no edges (k > 1). 

We write H k for p 3 V E k  (k > 1), the graph on k + 3  vertices we obtain from the 

disjoint union of p3  and E k by adding all the 3k edges between V ( P  3) and V(Ek). 
A little piece of arithmetic shows that  almost no Gn,p contains a copy of/ /12.  Thus 
for the rest of this section we may and shall assume tha t  our Gn,p is H12-free. 

We may clearly assume that  the degree of any vertex of Gp = Gn,p is (1 q- 

o(1))pn, and also that  any vertex of Gp is contained in at most pan2 triangles. 
Furthermore,  the expected number of common neighbours of any two fixed vertices 

of Gp is p2(n-  2) < w2n 1/5. Thus, we may and shall condition on Our Gp being 

such that  dGp (x, y) = [FGp (x)C-/FGv (Y)I -< 2w2nl/5 for any pair of distinct vertices x, 

y ~ V(Gp). Finally, we may assume that  Gp is o(1)-upper-uniform. 

Suppose e V(ap) and E < For a vertex y e = V ( a p ) \ ( { x } U  

V(E)) ,  let Ey be the set ENE(Gp[FGv(y)]) of edges of E that  the neighbourhood 

of v Gp induce  in Gp. CIearly, k3(E,V)=k3(Z, {V})= tE. i. We shall say tha  
a vertex y E Pl/ is (x,E)-bad,  or simply E-bad,  if Ey is not an independent set of 
edges. 

Lemma 11. Almost every Gp is such that, for any x E V(Gp) and any E C 

E(Gp[FGp (x)]), at  most 10ew8n 4/5 vertices are E-bad. 

Proof. Fix a vertex x G V(Gp). Let us generate Gp as follows: we first choose the 

neighbourhood FGv(X ) of x in Gp, and once this set is fixed, we decide which edges 

within PGp(X) should be in Gp. Put  E(~ = E(Op[Fcv(z)]), and let V(E (0)) C 
FGp(x) be the set of vertices in Fop(x)  that  are incident to at least one edge 
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in E(Gp[Fap(x)]). For the rest of the proof, we assume that  the edges generated 

so far are fixed. 

Let us now consider a vertex y E Y = V(Gp)\ ({z} U ra,,(z)), and let us 

decide which edges between y and V(E (~ should be in our Gp. Notice that  

whether or not y is E(~ depends solely on these y-V(E (~ edges. In par- 

ticular, the events 'y is E(~ ' (y C Y) are all independent. Let us estimate 

the probability that  a given vertex y E Y turns out to be E(~ We first 

observe that  with probability 1 -  o(1/n) we have IV(E(~ < 1Fc;,,(x)t < 2pn 
and [A(E(~ = IA(Gp[E(O)]) I <_ 2p2n = 2c~2n 1/5. In the sequel, we assume that  

these two inequalities hold. In particular, the number of copies of p a  spanned 

by E (~ is, crudely, at most IV(E(~ SwSn. Thus the probabili ty that  y 

is E(~ is 

F (A(E  (0)) > 2) = P(Gp[E (~ contains a p3) 

< c _< a = 

where ~p{V3 C apiE(y~ denotes the number of copies of p3 in Gp[E(~ Now, 

from the independence of the events 'y is E(~ ' (y E Y), we have tha t  the 

probabili ty Pk that  at least k such vertices y are E(~ satisfies 

(11) Pk< (nk){8w8n-1/5}k< (81w74/5) k. 

Thus, if k = [9e~Sn4/s j ,  we have Pk = o(1/n) with plenty to spare. 

The above argument proves our lemma with ' E  C E(%[ra,(x)])' replaced 

by ' E  = E(Gp[FGp(x)])'. To complete the proof, we make the following simple 

observation. Suppose x 6 V(Gp) is fixed, E C E (0) = E(Gp[FG,,(x)]), and y 6 Y = 

Then, y is necessarily E(~ whenever it is E-bad.  Thus, 

an E-bad  vertex yEI/V=V(Gp)\(V(E)U{x}) is either contained in ra,,(z) or else 

it is E(~ Since we may assume that  A(Gp) < 2pn = 2cona/a <_ a~8n4/5, our 
lemma follows. | 

Lemma 11 above tells us that,  for any x and any E, we have A(Ey)  = 

A(Gp[Ey]) < 1 for most y C I7~ = V(Gp)\ ({x} U V(E)). Of course, since Gp is 

supposed not to contain H12, we have A ( E y ) <  11 for any vertex y C [7~. 

For each vertex y C l~/, let Xy = IEyl = k3 (E ,y )  and let X~ be the cardinal- 

ity r,(Ey) = r,(Gp[Ey]) of a maximum matching in Gp[Ey]. Since A(Ey) < 11, we 
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have X~ >Xy/2A(Ey)>_ Xy/22 for any y E ITg ". Moreover, for any y E I/-V that  is not 

E-bad, we clearly have Xy 

Let tls now fix W C !~'. Put  

wEw wEW 

and similarly X'=X~v = ~ w E w  X'tw �9 Let us write ~ b  for sum over all w E W that 

are E-bad and ~ g  for sum over all w E W that  are not E-bad. Then 

gX~ + b < + Zb (12) 

Now our aim is to bound the last two summands in (12). 

For any two distinct vertices x and y E V(Gp), let Y-x,y be the number 

of edges induced by the set FG~,(x,y ) = FGp(X ) MFGp(y ) in Gp. Thus Yxy = 

[E(Gp [Fop (x, y)])], and E(Y, xy) = (n22)p5 = (1/2 + o(1))w 5. 

Lemma 12. For ahnost every Gp we have Yxy <--22e2 max{logn, w 5 } for any pair o[ 
distinct vertices x, y E V(Gp). 

Proof. Let VJy be the maximum eardinality U(Gp[FGp(x,y)] ) of a matching in 

@[rG,,(z,y)]. We claim that 

(13) P{Y~y >_ e 2 max{logn, w5}} < n -e2 = o(n-2) .  

For convenience, put p-E(Yxy)_<w 5. By Lemma 2 in Janson [10], for any a > e  2, 
we have 

(14) P(g~y _> ap) < e x p { - p ( a l o g a  + 1 - a)} < exp --~a(loga)IL . 

We now check that (13) follows from (14). Suppose l~=E(Y x y )< lo g n .  Then we 

take a = e2r -1 logn_> e 2 in (14) and note that then 

]?(Y~y > e 2 l o g n ) =  F(YIxy > a#) < ex p { -e  2 logn} = n -e'~. 

Suppose now that  p=E(Yxy)>logn. Then we take a = e  2 in (14) to obtain 

 (Y:y > e% _<  (Y'y _> e%) < e• = 
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Thus the claimed inequality (13) does hold. In particular, almost surely Y~'u <- 
e2max{logn, c~ 5} for any distinct x, V r V(Gp). Our lemma now follows, since 

A( Gp[Fap (x,y)] ) < 11, and hence Y~y >_Yxy/22. | 

By Lemmas 11 and 12 above, an almost sure upper bound for the last sum- 

mand in (12) is 220eamax{logn,~5}a~Sn 4/5. Our aim now is to estimate X ~ .  

Fortunately, the method of proof of Lemma 2 in Janson [10] gives the following 
result immediately. 

Lemma 13. Suppose 0 < c < 1/2. Then for any W C l~ = V(Gp)\ ({z}UV(E)) we 
have 

P ( X ~ > _ ( I +  e)p2[E,[W,) < exp {-le2p2,El[WI } . 

Proof. We tbllow an argument of Janson [10] (cf. the proof of Lemma 2 in [10]). 

Fix W C I ~ = V ( G p ) \ ( { x } U V ( E ) )  and let w C W .  Let ~ be the family of all 

copies J of pa with middle vertex w and endvertices coinciding with endvertices 
of edges in E in the complete graph on V(Gp). Thus each such J corresponds to a 
triangle determined by w and one edge from E. Let Ym (m_> 0) be the collection 
of all m-tuples (J1, . . . ,Jrn) of pairwise edge-disjoint elements from ~. Let Ij be 
the indicator variable of the event that a fixed J G Y should be present in Gp. 
Thus k3 (E, w) = Xw ~- ~JE.~ lj. We have 

} <- Z 

{ )m 1 V-~ 2m 1 E p  2 (e t 1) = e A(et-1) = E ~. l  2...~ p ( e t -  1)rn -< E ,~'~ -- ' 
rn>0 ~7,,~ rn>_0 

where A=E(X.w). Now, the X~ (w E W) are independent and therefore 

E(etx~) = E ( e t E ~ w x ; )  = r I  E(etx') -< eXlWl(e~-l) 
"wE W 

Let a > 1. Note that then, by Markov's inequality, we have 

~(x{~ > ~;qwl) = ~(e tx'~ >_ e ~ l w f )  

< E(etX~ )e-taAt W] <_ eAIW[(et-X)e-taAlWI _= e A I W l ( e t - l - a t ) .  

Taking t= loga ,  we have 

~( X~4/ >_ a~iWt)  <_ e)qW](a-l-al~ a) = e-.XlWi(a log a-a+ l ) 
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Our lemma follows by setting a - 1  + e  in this last inequality. | 

We are finally ready to prove Lemma 10. 

P roof  of Lemma 10. Take Co = C0(cl,c2,0) = {12/(02clc2)} US. We proceed to 
show that  this choice for Co will do. Thus let x, E,  and W as in the statement of 
our lemina be given. To prove (10), it suffices to put together (12) and Lemmas 11, 
12, and 13. Indeed, with the notation as above, by Lemma 13 we have 

IP(X~v>_ ( I + O )  P2]E[]W]) <_exp{ -3 (O)2p2]E][W]}  <_ e-n, 

where in the last inequality we used that ]E[ > clp3n 2, [WI > c2n, and Co = 

The number of choices for the triple (x, E,  W) is at most n exp{2w3n 4/5 logn}2 n. 

Indeed, it suffices to notice that  we may assume that  IE] <uo  = [p3n2J = [w3n4/hJ, 
and hence the number of choices for E is at most 

E <_ 2 ~ exp{2w3n 4/5 log n}. 
u<uo uo 

Thus almost every Gp is such that X{V < (1 + O/2)p 2IE[]Vr 

From (12) and Lemmas 11 and 12, we have, for almost every Gp, 

ks(E, W) < (1 + O) p2[E[[W[ + 220e 3 max{logn, wh}w8n 4/5, 

which is at most (I+O)p2IE{IWI, as required. | 

In our next lemnm we give a set of conditions that ensures that  k3 Gp(E, W) 

( E C E ( Gp ), W C V ( Gp ) \ V ( E ) ) concentrates around its mean. 

Lemma 14. Suppose w = w(n) --~ oc as n --+ oo. Let O < p = p(n) < 1 with p >_ 
uan -1/2 logn be given. Then ahnost every Gp = Gn,p is such that, for ~my E C E( Gp ) 
and W C V(Gp) \ V(E) with [E t >_ wnp -1 logn and [W[ > n~ log n, we have 

(15) ks(E, W) = kG3 V (E, W) = (1 + o(1) )p2[El]W[. 

Proof. Let 0 > 0 be fixed. Let M C E(K n) be a matching in the conlplete graph K n, 
and set u ---[M I. Suppose that up2/ logn --~ oo as n --~ oo. Let W C Y(Gp) \ V i M  ) 

be such that  w =  tWI > n/logn. Let us write k~(M,W)= kG'UMrM W) for tile 
nmnber of triangles in Gp UM that are determined by an edge of M and a vertex 
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of W. Note that  k~ (M, W) has binomial distribution with parameters  ~w = IMI]lZv'l 

and p2. Thus 

(16) k~(IVI, W) -- (1 -1- Ol(O))p21MllWl 

with probability I -  exp{-f l (p2uw)}.  The number of matchings M C E(K n) 

of cardinality v is no larger than ((~)) < n 2", and the nmnber of sets W as 

above is no larger than (.n) < n~V. Hence, we see that  (16) h o l d s  a.s.  for any 

matching M C E(I(n) with /Mf > 'Jo = cr 2 and any W C V(Gp)\V(M) 
with [W I > n / l ogn ,  since 

~'>_uo w>_n/log n u>v'o w>_n/log n 

<-- E n2v-ft(p2vn/l~ 

~,>_z] 0 
: o(1). 

Thus, let us assume that  our Gp does have this property. Clearly, we may also as- 

sume tha t  A(Gp)<_ 2pn. We cla,im that  under these assumptions our Gp necessarily 

satisfies (15) with 'o(1) '  replaced by 'O1(0)'  for all E and W as in the s ta tement  of 
our lemma. To see this, fix E C E(Gp) and W C V(Gp)\V(E) as in the lemma. We 
shall now make use of the following simple fact that  may be easily deduced fl'om 
Vizing's theorem: if J is a graph of maximum degree A(J ) ,  then J admits a proper 
edge-colouring with at most A(d)  + 1 colours such that  the cardinality of any two 
colour classes differ by at most 1. Note that  A ( E ) =  A(Gp[Z])_< A(Gp)<_ 2pn, and 
hence, by the observation above, we may write E = Ei  U. . .  U Eq where the Ei are 

matchings satisfying t tE I-IEjll _< 1 for all i and j, and moreover q < A ( E ) + I  < Spa. 
In particular, [Eil> IEl/4pn>L,o for all i. Therefore (16) applies with M : E {  and, 
since ka(E,W) = ~-~l<{<qk3(Ei,W), our claim does hold. Lemma 14 follows by 

letting 0 tend to 0. | 

3. P i v o t a l  Pairs  of  Ver t i ces  

3.1. A w e i g h t e d  Turgm t y p e  r e s u l t  

Let H .  be a graph and r > 3 an integer. Let us write K r - for the graph with r 

vertices and (~) - 1  edges, and let us say that  its two vertices of degree r - 2  are the 

endvertices of K r .  Let us say that  the unordered pair xy = {x, y} of distinct vertices 

of H .  is a Kr-connected pair if there is a copy of t( r in H .  with endvertices x 

and y. Hence, if xy is a Kr -connec ted  pair of non-adjacent vertices, then the 
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addition of xy to H .  creates a new copy of K r i n / t . .  Thus, we shall also say tha t  
a Kr -connec ted  pair is Kr-pivotal, or simply pivotal. For technical reasons, let us 

also say that  the vertex x E V ( H . )  is by itself a K! - connec t ed  pair if x lies in a' 

copy o f / ( r - 1  in H. .  The following is an asymptot ic  version of Turs theorem 
for K ~. 

(*) Any  graph H.  with k vertices and e(H.)  edges contains at least 

') 
K r_ -connected pt~h's of vertices. | 

To check that  (*) is indeed an asymptot ic  form of Turan's  theorem, observe that  

if A = ~ (H. )  = e(H.)(tH*I) -1  is the 'density'  of H .  = H~, then the lower bound 

in (*) for the number of K! -connec ted  pairs in H .  is, for large k, 

(17) ~-. ( ( r -  2)A - r + 3) ( ~ ) .  

Note that  (17) is bigger than ( 1 / ( r - 1 ) )  (2 k) for A > 1 - 1 / ( r - 1 ) .  Therefore we may 

deduce that  any (large) H .  with A(H.) > t - 1 / ( r -  1) necessarily contains a t (  r, 
which is, of course, a weak form of Tur~n's theorem. Unfortunately, (*) does not 
seem to imply Tur~n's theorem for K r in its precise form. 

In the sequel we shall need, however, a weighted version of (*) for r = 4. 
To describe this version we need some technical definitions. Also, to simplify 
the notation we restrict ourselves to the case r = 4. (The general case does not 

present any further difficulty.) We star t  with a graph H .  = H .  k of order k and 
assume ~ = (~'e)eEE(g.) is an assignment of weights 71 >_ 0 to the edges e E E ( H , )  

of H . .  Suppose x =  (Xl, . . . ,Xk) is an ordering of the vertices of H . .  For any two 

not necessarily distinct vertices x, y E V ( H . )  that  form a K4-connected  pair in H , ,  

we let 

WH.,7(X, y) = max{7172 : ~Zl, z2 E V ( H , )  with ~/i = "/ziy (i C {1, 2}) 

and XZl, xz2, ZlZ2, zly,  z2.~l E E ( H . ) } .  

For convenience, if x, y do not form a K4_-connected pair, we put  WH.,7(x ,y )=0.  
Let 

l<i<j<_k 

and ~/(H.) = }-~eeE(H.)~/e. Our weighted version of (*) for r = 4 is given in 

Lemma 15 below. We remark that  to deduce the unweighted case (*) for r = 4 
from this lemma, it suffices to take ~ = 1  and ~/e=1 for all edges e E E ( H . ) .  
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Lemma 15. L e t D ,  = H~ be a graph of order k and edge weig'bts 7 = (Te)eEE(H,) 

with 0 _< % _< 9 for a11 e C E(H, ) ,  where 9 -> 1. Then there is an ordering x = 
(x l , . . .  ,x~) of the vertices of H,  for whicll we have 

(18) w ( H , , % x ) > 2 " ~ ( H , ) - _  9 ( k + 1 ) . 2  

Proof .  Our proof  is by induction on k. Since the case k <_ 3 is trivial, we assume 
tha t  k >_ 4 and tha t  our lemma holds for graphs H ,  with at most  3 vertices. Note 

- k + l  t ha t  if 3'(H,)<<_9k2/4, then (18) is trivially true, as in this case 2~ / (H , ) -~ / (  2 ) -< 

9(k9~/2- l~(k + 1)/2) = - 9 h / 2  -< 0. Thus we may assume tha t  "7(H,) > 9h2/4.  

Since % <_ 9 for all e E E(H,) ,  we have tha t  H ,  has more than  k2/4 edges. 
Therefore,  there are three vertices Yl, y2, and Y3 E V(H, )  inducing a tr iangle in H , .  

For y E V ( H , ) ,  let us write dr(y)=dH*,~(y)=y-~ZEFl~,(y).yy z for the 2/-degree of y. 

We may assume tha t  dV(yt) <_ d'r(y2) _< dT(y3). P u t  xl  = Yl, and by induct ion 

let x / =  (x2, . . .  ,xk) be an ordering of the vertices of HI, = H , - X l  = H , - Y l  such 
tha t  

w(H:,  7, xI) >>- 2~/(H:) - ' (k2) �9 

For simplicity, 7 above stands for the restr ict ion (%)~eE(H' )  of 7 = (%)E(H, )  

to H~,. Our aim now is to est imate ~ l < i < k w f i , , ~ ( x l , z i )  from below. For j E {2,3}, 

set Yi(J) = ~v.~*~ if yjz i  E E(H, )  and set ~/i(J) = 0 otherwise. Now observe that ,  

since 9 > 1 ,  for any reals 0 < c ~ < ~  and 0_</3_<9 we have a f 3 > a + / 3 - 9 .  Therefore  

= d~(y2) + d~(y3) - ~k >_ 2dV(vt) - ~k = 2d'r(Zl) - #k. 

Hence, with x = (x l ,  x2 , . . . ,  ack), we have 

> 

l<i<_k 

>2d.~(Xl ) _ , k + 2 7 ( H ~ ,  ) _ , ( k 2 ) = 2 . y ( H , ) _ ~ ( k +  1)  

as required. I 
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3.2. P i v o t a l  p a i r s  in s u b g r a p h s  of  r a n d o m  g r a p h s  

In this section we turn to the study of K4_-connected pairs in subgraphs of 

random graphs. Recall that  given a graph H and two distinct vertices x, y �9 V(H) ,  

we say that  the unordered pair xy = {x,y} is a K4_-connected pair if they are the 

endvertices of a copy of I (  4 in H,  and that  a single vertex by itself forms a K4_ - 

connected pair if it belongs to a triangle of H. Our main aim here is to prove 
Lemrna 16 below, which roughly says that,  if a subgraph H C Gp = O n ,  p of Op is 

such that  e(H) > )~e(Gp) for some fixed k > 0 and p = p ( n )  is not too small, then 

the number of K4-connected pairs in H is, almost Surely, 

~ ( 2 A - 1 ,  ( 2 ) .  

This result is similar in spirit to assertion (*) in Section 3.1, but note that  (*) 
applied to H C Gp above gives nothing if p = p(n) --+ 0 as n -4 oo. Lemma 16 
below remedies this situation and recovers essentially the same lower bound for the 

number of K4_-eonnected pairs. 

In the sequel, for any given graph H,  it will be convenient to define a graph I I =  
II  H on V(H)  by letting two distinct vertices x, y � 9  V ( H ) = V ( I I )  be adjacent in gl 

if and only if they form a K4-eonneeted in H.  

Lemma 16. Let a constant 0 < G <  1 be g~ven. Then there is a constant C0=C0(G)  

that depends only on G for which the following holds. I f  p = p(n) = con-2~ 5 

and Co _< co = co(n) = o(nUmO), then almost every Gp = Gn,p is such that, for 
any subgraph H C Gp o[ Gp, we have 

(19) 

where 

e( U) 2(2A-l- ) 2 ' 

Before we proceed, let us remark that  we shall apply Lemma 16 above with G 
much smaller than A. In fact, we shall be interested in the case in which A is a little 
greater than 2/3 and G is very small. 

The proof of Lemma 16 is based on the results of the previous three sections 
and on a further technical lennna, Lemma 17, which we now describe. The context 
in which Lemma 17 applies is as follows. Suppose 0 < # _< 1/2, 0 < ~ < 1, 0 < 5 ~ < 1, 
0 < 90 < 1, and 0 < ~ < 1/4 are constants, and let n and m > ~n be integers. Let 

also 0 < p = p(n) < 1 be given. Let V1, V2, Z1, and 22 be pairwise disjoint sets of 

cardinality (1 - # )m < mj  = [~] < m and (1 - # )m < m i IZil <_ m (i, j �9 {1,2}). 

Suppose F =  FIUF2 is a graph with Fj a tr ipart i te  graph with tr ipart i t ion V ( F j ) =  
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~U21U29- (j E {1,2}) and such tha t  E(F[21, Z2]) =E(Fj[Zz, Z2]) for b o t h  j C {1,2}. 

For simplicity, put  "/z = dF, p(Z1,Z2) and let ~/ij = dF, p(Zi,12j) for i, j E {1,2}. 

Suppose further  t ha t  the following conditions hold: 

(i) We have 7 z > %  and ~/ij>_% for all i, j C { 1 , 2 } .  

(ii) At least ( 1 -  5')rnl vertices a: in V1 are such t ha t  

I a l i 
k3F(x) >__ (1 - ~ -- 5 )711"/9-1"/ZP m l m 2 ,  

where k.fa(x) is the nmnber  of tr iangles of F t ha t  contain x. 

(iii) At least ( 1 -  ~')e(F[21,29-]) edges e in F[2~, 29_] are such t ha t  

(20) kar (e, >_ ( 1 -  

where kaF(e, V2) denotes the nmnber  of t r iangles in F de te rmined  by the  edge e 

and some ver tex  in 129-. 

(iv) Let c = @~'2/8.  For any z ~ q ,  E C E(F[FF(X)]), and W C 122 wi th  le t  > 

el)art 2 and [W I >_ ca, we have 

(v) For all EcE(F[Z1,Zg-]) with IEI >_pr~9-/logr~ and W C 17zl with IWI >_n/log,~, 

we have kF(E,W)<_2p21E[IWI. 
We may  now sta te  a key technical  l e m m a  in the proof  of L e m m a  16. 

L e m m a  17. Let constants 0 < 90 <- 1 and 0 < cr < 1 be given. Then, with the notation 
above, if  ~t < ~ = ~;(7o, or) = cr2~0/128 and # <_ #0 = / t 0 ( a )  = 0 /8 ,  then tlle number 
of' K 4-connected pairs  :rl:rg- with .vj ~ ~ (j C {1,2}) is a t  least (1 - ~)712~/9-9-m 2. 

Proof .  Let  us put  a = / t 0  = or/8 and note t ha t  then  ~ = a9-90/i28 = a9-%/2.  

Let  0 < ~1 < ~0 and 0 < / t  < / t0  be  given, and suppose tha t  F is as descr ibed betbre 
our [elnnla. 

In the sequel, an edge e E E(F[Zt,Zg-]) will be  said to be (6~,Ifa;F2)-poor 
if (20) fails. For x E 121, let us write kP(x) for the number  of (5',Ka;Fg-)-poor 
edges e C E(F[Z1,Zg-]) induced by the ne ighbourhood  of ac' in F .  Let  us say 

t ha t  x E 121 is "u~rLtsable if k.~(x) > a'Yll"/21"yzpamtlm~ 2. The  proof  is now split  
into a few claims. 

Assertion 1. At most  am1 vertices in V1 are unusable. 

Suppose the contrary.  Let us consider the nmnber  N of pairs  (x,e)  with .v 

a ver tex  in 12t and e a (~ t ,Ka ;F~) -poor  edge in E(F[Z1,Zg-]) such t h a t  there  is a 
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triangle of F containing both z and e. Since we are assmning that more than crml 
vertices x E l)~ are unusable, we have 

~2 3m,  m z 9_2 3 z z (21) N > 7117217ZP 1 2/rtl ~ ~ 7rtlrrt2~77"l" 

"We now use condition (v) above to deduce that  

(22) N <_ 2p2mlS 'e(F[Z1,  Z2]) = 25r  r 

Comparing (21) and (22), we obtain that a29~) < 25', contradicting the fact that  5 t < 

5~=a2~,0/2. Thus Assertion 1 holds. 

We now observe that condition (ii) above immediately implies the following. 

Assertion 2. Foe" at least (1 -2a )ml  vertices x in l/l, we have k.F3 (x)-kP(x)  >> clp3n 2, 

where Cl = (1 -- O-  2a)(1 - # )  2 ~ 2-3,,/0 _>c. 

Now let z C V~ be given. Let E~ C E(F[Z1, Z2]) be the set of edges e induced 

by the neighbourhood o f x  in F that  are not (5',K3;F2)-poor. Thus levi =k~(z)- 
k~(x). Let 

= e n E(F[rr(y)]) # 

= {y E V2 : xy is a K4_-connected pair}. 

Assertion 3. For at least ( 1 -  2a)'ml vertices x C ~/rl, we have II/Vx] > ( 1 -  
cff2)7L9722m2. 

Let xElFi be such that  [Exl=k.~(x)-kP(x)>_clp3n 2, and suppose that  [Wxl < 

(1-cr/2)712722m2. We now use (iv) above to deduce that  

(1 ' 2 _ k ~ ( E x ,  W x ) < ( l + ~ ) p 2 l E x i l W x ]  -- 5 )712"/22P m 2 l E x]  < 

< 1 + 1 - ~ 712722p"m21Exl, 

which is a contradiction since 1 -  5' > ( 1 +  6 ' / 4 ) ( 1 -  ~/2). Thus any x E 171 

with [Exl = kF(x) - kP(x) > clp3n 2 is such that IWzl > (1 - a/2)712722m2, and 
hence Assertion 3 follows from Assertion 2. 

From Assertion 3, we deduce that at least 

CT 
(1 -- 2Oz) (1 -- ~ )  712722mew2  

s 
(] -- 20~)(1 -- /~t) 2 (1 -- ~ )  712722m 2 > (1 -- o-)712,)'22m 2 
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(24) 

and 

pairs xlx2 (x d E ~ ,  j e {I,  2}) are K 4 - c o n n e c t e d  with respect  to F ,  thereby  proving 
L e m m a  17. | 

We are now ready to prove L e m m a  16. Our  proof  will make  use of several of 
our previous lemmas.  

P r o o f  of  L e m m a  16. Let  0 < a <__ 1 be given. We now define the m a n y  constants  
with which we shall apply  L e m m a s  4, 5, 7, 9, 10, 14, 15i and 17. 

Let  ~o = or/100, 90 = "y0/2, a = "7o/24e and ko = F100/a~. Let  5 = (5 ' )2/2,  

where 5' = ~3/2 • 10 ~ < ~{~ = ~{~(%,r = ~2r Note tha t  ~ ( ~ o , ~ / 7 )  i~ as 
given in L e m m a  17. We now let 

{ 1 } 
s = rain 10-16~6"/0 , ~ e 0 ( a  ,'~0,~) , 

where eo =eo(c~,~o,6) is as defined in L e m m a  7. P u t  g=2e, ~ = 2 e / ~ o  and 9=5e/~o. 
For later  reference, note tha t  

(23) ~ _-- 5___~ < 5 X 10-16cr 6 < ~ 
~0 - - 27'  

and if k > ko, then,  with plenty to spare, we have 

23 6 - - q - - - < -  
v (~ - l )  ~ - 1 - 7 '  

(25) 33 + 1 2 

~o ; - < ~  

Set tt = 6~ ~ t t0(a /7) ,  where po(cr/7) = a / 5 6  is as given in L e m m a  17. Now 
let Ko = Ko(Gko) and r / =  T](Gko ) be as given by L e m m a  4. We m a y  assume 

tha t  ~ < min{a/7,e/2Ko}. P u t  ~ =  1/2K0,  and let c =  ~3~2/8.  Finally, let Co = 

Co(c,c,5'/4), where Co(c,c,5~/4) is as given by L e m m a  10. We cla im tha t  this 
choice of Co = C0(a)  will do in L e m m a  16, and proceed to prove this assert ion.  

Let  p = p ( n )  = wn -2/5, where Co <_ w = w(n) = o(nl/19~ Let us consider the 
following conditions for Gp = Gn,p. 

(a) G, is ~-,pper-uniform and has si~e ~(C,)= (1+o(1))p(~). 

(b) Suppose m >__ ~n. Then,  for any T >_ (3/4)9opm 2 and any m =  (ml,m2,m'~) 
with m/2 <_ mi <_ m (i E {1,2,3}),  our Up contains no copy of any g raph  F E 

3;Sp(G 90, ~; m ,  T)  as a subgraph.  

(c) Inequal i ty  (10) in L e m m a  10 holds for all E and W as in the  s t a t emen t  of 

t ha t  l e m m a  with cl =c2  = c  and 0=6~/4. 
(d) Relat ion (15) in L e m m a  14 holds for all E C E(Gp) and W C V(Gp) \ V(E) 

with ]E l >_ pn 2 / log n and I WI >_ n~ log n. 
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Claim. Conditions (a)-( d) hold for almosf every Gp. 

Proof  of the Claim. Condition (a) clearly holds almost surely. We use Lemma 7 
to prove that  (b) holds almost surely as well. Let m, m, and T be as in (b). Note 

that  the number of choices for m and m is trivially at most n 4. The number of 

copies of a fixed graph F E Jpb (g, "~0 , O; m, T) that  the complete graph K n on n 

vertices contains is clearly at most n n. Thus, since ~ < 5/27 (see (23)) and g = 
2e < e0(~,'~0,5), Lemma 7 applies to give that the expected number of copies of 

elements from 3;p5(~,~0, ~; m, T) that  Gp contains is, for sufficiently large n, at most 

n4+nlN~(g,Z/O,~;m,T)lpT< n4+naT ( 3 T 2 )  ( 3 e T m 2 )  T _ p T  ~ n4+n , 

which, since T>_ (3/4)~opm 2, is at most 

n4+n (8ee~ T ~ n4+n3-T ~ 2-T 
\~/0 / 

Summing over all T > (3/4)~opm2~ we obtain that  (b) holds almost always. Con- 
dition (c) holds almost surely for Gp by Lemma 10 and the choice of Co. To check 

that  (d) holds for a.e. Gp, by Lemma ]4 it suffices to see that pnl/Z/logn--+oo and 

that (pn2/log n)/np- 1 log n --+ oo as n--+ oo. This completes the proof of our claim. 

In the remainder of the proof, we show that (19) holds for any subgraph H C Gp 

whenever Gp satisfies conditions (a)-(d) above. This clearly proves our lemma. 

Thus, let us assume that  t IC Gp is given and that Gp satisfies (a)-(d). We may 
clearly assume that  H is a spanning subgraph of Gp. 

Let us apply Lemma 4 to the ~-upper-uniform graph H, with parameters e 
and k0. Let V(H)= VoU...UV k be the (e, H,p)-regular (~, k)-equitable partit ion we 

obtain in this way. Let H / be the subgraph of' H on Ul<i<k V/ with e G E(H) an 

edge of H ~ if and 0nly if e joins two vertices that  belong to distinct classes of our 
regular partition, say, V/and Vj (1 _< i < j  _< k), with (V/, Vj) an (e, H,p)-regular pair 

and dH,p(Vi, Vj)>-7o. In the sequel, we let m stand for the common cardinality of 

the sets V/ ( l < i < k ) .  Recall that  A=e (H)  n -1 {P(2)} . We now check the following 
simple fact. 

From the ~/-upper-uniformity of H it follows that  if W C  V=V(H),  [W I >_2~ln 
then e(H[W]) < (l+r/)p(]WI). Hence e(H[Vo]) < (3/5)r 2. Also, eH(Vo, V\Vo) is 

at most (1 +rl)plVo[[V\ Vo[ < (6/5)cpn 2. Thus the number of edges of H incident 

to V0 is at most 4ep(~) for large enough n. Now note that  ~eH(Vi,Vj) with 
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the sum over all 1 <_ i < j < k such that (E:,Vj) is not (e,H,p)-regular " 

most e(~)(1 +~l)p'm 2 < 2ep(~). Also, ~eH(V/ ,Vj )  with the sum extended over 

all 1 <_ i < j < k such that dH,p(�89 < 70 is at most ( l+,7)-y0(~)pm 2 <_ 

270p(~). Finally, we have that 21<i<ke(H[V/])  _< k(1 + ~7)P(~) -< (2p/k)(~_). 

Therefore IE(H) \ E(H')I <_ (6e + 2/k + 270)p('~) < (cr/7)p('~) if n is sufficiently 
large, as required. 

We now define a graph H.  on [k] = {1, . . . ,  k} by letting ij (1 < i < j _< k) be an 
edge of H .  if and only if ( ~ , ~ )  is an (a,H,p)-regular pair and dH,p(Vi,Vj)>~?'o. 
We write ~ij for dH,p(Vi,Vj) for all ij E E(H.),  and put -y = (Te)eEE(H~)' Now 

put 9 = 1 +  or/7, and notice that then the definition of )1 and (a) above gives 
that 7e <_ 1 + ~ <_ 9 for all e E E(H,). 

Lemma 15 now tells us that,  suitably adjusting the notation, the ordering x =  
(1,...  ,k) of the vertices of H ,  is such that 

w(H,  7, x ) :  E W H * , 7 ( i ' j ) > 2 ~ / ( H * ) - ' ( k + l )  (26) 
' - -  2 ' 

~_<i_<j<k 

In our next assertion we bound ? ( H , )  

2. We 1lave = E cz(m)   >- 

Indeed, we have e(H')= ~eEE(H.)~/eP 'm2 =~/(H*)P m2, and hence, by Asser- 

tion 1, 

w(H.) > 1 ( A -  n > A -  > ) , -  q 
T 2 - T T ' 

Our next step relates the number of K4_-connected pairs meeting two fixed 

classes V/ and Vj (1 < i < j  < k) with the smnmand WH..x(i,j ) appearing in (26). 

Assertion 3. Suppose 51, ~2 E [k] are two distinct vertices of H..  Then tile number 
of K4-com~ected pairs zlz2 with xj E V~j (j E {1,2}) is at least 

(1 - q /7  - 2a/~O)WH.,v(q , 52)rn 2. 

The above assertion is an easy consequence of Lemma 17, although we shall 
have to work a little to check that that lemma does apply here. 

Let us start by observing that,  trivially, if L1 and 52 are not K4-connected 

in H, ,  then by definition WH.,~(51,52 ) = 0, and hence there is nothing to prove. 

Thus let us assume that  this is not the case, and let 53, 54 E [k] be two vertices 
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of H .  such that  ~.1~3, $1/.4, /~3/.4, c2r3, $2~4 G E(H,). Choosing ~3 and ~4 suitably, 
we may further assume that w~.,7(~,~2 ) = %..~37~2~4. We may now restrict out' 

attention to the 4-partite subgraph of H induced by the V~ (1 _< a_< 4). 

Let J = H[V,.~,V~e,V~a,V~4] and write L tbr the graph on [4] =- {1,2,3,4} 

isomorphic to / ( 4  with 1 and 2 as the endvertices. We first apply Lemma 5 to J 

to obtain U~ C V~ (1 _< a < 4) such that the following holds. Putt ing ma = IU~ l, we 

have (1 - , u ) m  <_ ma < m for all 1 < .~< 4 and, furthermore, if ab ~ E.(L) and x ~  U~, 
then 

(27) dab(Z ) = ]Vj(x) 21 0~b ] = (1 + 01(~))dj, p(V~, V~)pm. 

Let F = J[(7~,U,.2,U~,O~4]. Since dj, p(V~,,VL~) = dF, p(~7~,(J~b) + Ol(e) and 

dF,p(U~,CJL~)>"/o-e>_~o=~,o/2, we have 

~z,p(v~o, ~ )  = (1 + O,(2~/z0))dF, p(~o, 5~). 

Moreover, as (1 - p)m < m b __ m, we have m = (1 + O1 (2,tt))'~ b, Thus, relation (27) 
gives that,  for any x E 0 ~ ,  

dab(X ) = (1 -t- 01(~))dF, p((f~,, ~f~)Pmb, 

where, as defined above, ~ = 5e/3'o. Note also that  70 < dF, p (U~, ~rcb) _< ~ = 1 + a/7 
(cf. condition (a) above). 

Our imlnediate ainl now is to apply Lemma 17. To make our current notation 
the same as the one used in that lemma, let us put ~ = U~j and Zj = (72+ j 
for j E {1,2} and F i = J[~,2t,22] (j c (1,2}). Clearly, F =  d[f/1,f4.,2~,22] = F~vF2 

and F[21,22] = FI[Z1,Z2] = F2[Z1,Z2J. Also, let mj = I~[ and m} = [Zi[ (i, 
j e  {1,2}). 

Let m j  = ( w , m l , m ~ )  and Tj = e ( F j )  > (3/4)~opm 2 (j E {1,2}). Observe that  

by (b) above we may conclude that 

Fj = H[~, zl,  z~] e ~p(e, 70, ~; mj, Tj) \ ~ (e ,  %, 0; mj, Tj) 

for both j G {1,2}. \u shall now invoke Lemma 17, but to see that  that  lemma 
does apply we verify the following claim. 

Claim. Conditions ( i)-(v) given belbre the stateme~tt of Lemma 17 hold. 

Proof  of the Claim. Condition (i) has already been seen to hold. To see that  (ii) 
holds, we simply apply Lemma 9 to the (6,K3)-balanced graph F1. Now, condi- 

tion (iii) clearly holds as F2 is (5, Kg)-balanced. Finally, condition (iv) is equivalent 
to (c), while condition (v) follows from (d). This finishes the proof of our claim. 
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In view of the above claim and the definitions of  ~ = 5~(90 ,a /7)  and Po = 

p0(cr/7),  we see t ha t  we may  indeed apply L e m m a  17 to deduce tha t  the number  

of / (4_-connected  pairs XlX2 with xj E V~j (j E {1,2}) is at  least  

( 2 8 )  - 

We now use tha t ,  for iE{1 ,2} ,  we have 

dF, p(2i, g2) ~ dH,p(VL2, V~i+2) - c ~ ( 1 -  ~0 ) dH,p(Vt,2, VLi+2), 

since dH,p(V~2,V~,~+2)>-'7o. Thus  the quant i ty  in (28) is a t  least 

(1-7)(I-@oo)2dH,p(V~2,VLa)dH,p(V~,2,V~4) m2 

>- 1 7 "71"2 ~ a '7L2 c4 ~7Z2 ' 

which concludes the proof  of Assert ion 3, since t3 and ~4 were chosen so as to have 

WH* ,7 (t'l' t2) = %u ~a %2 ~4" 
The  proof  of our l e m m a  is comple ted  in the next  assertion. Recall  t ha t  II  H 

s tands  for the graph on V(H) with two vertices of H adjacent  in II  H if and only if 

they  are K4_-connected in H.  

Assertion ~. We have e ( n H )  >_ ( 2 A -  1 - o)(~.). 

By Assert ion 3 we have t ha t  

(29) e ( I IH)  >-- E e ( I I H [ V / ' 5 ] )  >- 
l<_i<j<k 

Now, clearly, we have 

7 ~ ~I<"~(i'J)"~ 
l<i<j<<_k 

l<_i<j<_k l<i<k 

> w ( H , , ' 7 , x )  - 92k >- w ( H , , ' 7 , x )  - 2k, 

since 92 = (1 + 0 /7 )  2 < 2. Thus,  recalling (26) and using tha t  m > (1 - r we 
have f rom (29) t ha t  e ( I IH)  is at  least 

n~'@(H, x) 2~) (1 7 ~0)(1-~)2~ ,'7, - 
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which, by Assertion 2, is at least 

which is, as one may check using (24) an d (25), at least 

proving Assertion 4. 
The proof of Lenlma 16 is complete. II 

4. P r o o f  of  t h e  M a i n  R e s u l t  

We first prove Theorem 2 under the extra hypothesis that  p = p(n) should 
not be too large. More precisely, we show the following result. Recall that  we 
write G---~.y H if any subgraph J of G with e(J)>_-/e(G) contains a copy of H. 

Lemma 18. Let a constant ~1>0 be given. Then there is a constant C=C(~]) that 

depends only on 'q for which the following holds. I f  O <_ p = p( n ) = wn -2/5 <__ 1 and C <_ 

cz = w(n) = o(nl/19~ then almost every Up = Gn,p is such that Gp--~2/3+,7 K4' 

Proof. Let e = ~ = ~ / 1 0  and k =  [1+24(log2)7?-21. Let C=kC0(~r), where C0(a) is 
as given in Lemma 16. We shall show that  this choice of C = C(~) will do in our 
result. Thus, let p = p ( n )  be as in the statement of Lemma 18, and consider the 
space N(n,p) of the random graphs Gn,p = Gp. In this proof, we shall write Gp as 
a union of sparser, independent randoni graphs. 

Let Pl be such that l - p =  (1-pl )  k, and note that then p /k  <1)1 = (l+o(1))p/k.  

Put f~ =l--II_<j_<k @(n,pl). We shall write G =  (g(ll), . . . ,  G(~)) for a general random 

element of fL Thus the G({ ) (l_<j < k) are independent random graphs, each taken 

from ~('n,pl). For any given G = (G(11),...,G(~)) Ef], let us put Up = Up(G) = 

G(li) U... U G(p~ ), and note that  then the map G =  (G(pJ))l<j<k E f t ~ G p  = U p ( G ) E  

N(n,p) is measure-preserving. We may thus study N(n,p) investigating the random 

elements G E ft. Let us define f t 'C  f / b y  letting G = (G(p~))i<j< k Eft  belong to f~' 

~-- E 7/, if and only if (i) e(Gp) (1+O1( ) )P (2 ) ,  (ii) e(G (j)) = ( l+01(e ) ) (p / k ) (~ )  for 

all 1 _ j  < k and, finally, (iii) for all 1 < j  < k, the graph G(p j) has the property that  

if E C E ( G  (j)) and A=[E({pl(~)}--1  then 

(30) e(HE) > (2A - 1 - or) ( 2 ) .  
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For simplicity, IIE above stands ibr IIH, where H = H(E)  is the graph on V(Gp) 
with edge set E. 

Elementary facts concerning random graphs and Lemma 16 gives that  ? ( fY)=  

1 - o ( 1 ) .  In the sequel, we shall often condition on fY and we shall write ? ' (A) for 

the conditional probability ?(A] fY) for any event A C f~. 

(pJi "" G(k)~ that  admit a set F C E(Gp) Let 33Cf~ be the set of G = ( G  ), , pl j 

with IF t _> (2/3+,~)4%) but %IF] ~ K 4. we  need to show that  ?(33) = o(1), 

or, equivalently, that IF(:B)= o(1). Let us put 33' =33C~fY. For each G 633, let 
us fix once and for all a set F = F ( G )  C E(Gp) as required in the definition of 33. 

Let us also put F(J) = F(J)(G) = F C~ E(G (j)) (1 _< j < k) and set f = f ( G )  = IF] 

and f(J) = f(J)(G) = IF(J) I (1 < j _< k). 

Now let 7(j) =7( j )  ( G ) =  f (J ) /Pl  (~), and note that then we have f < f 0 ) + . . . +  

f ( k )  and hence that  

2 77 ,T(1)/!l(~ ) ... .v(k) Pl(~') 1 (1H-~)  (,7(1) 
+ < .... + + < -  + . . . + 7 (  k)~] 5 - e (%)  " 4 % ) - k \ 1 - ~ 2  

from which we conclude that 

l<_j<k l<_j<_k -- 1 + e + 7/ >-- (1 + )7), 

where the last inequality follows from the choice of e. Let us also note that  

(32) ~/* < 1 + c, 

since we are assuming that  (ii) above holds. For each 1 < j  < k, let 

' = { G c 2 '  -y(J) ~* 2 j  : (O) = (O)}.  

Clearly 33/ , - = @l_<y_<k33y, and hence it sumces to show that  IF(33})=o(1) for all j .  

' ahnost surely does not hold. Thus we now fix j C [k] and proceed to show that  33j 

We have 

(33}) = ~(~} n {G ~ a :  c ( i  / = a0>) 
Go 

= ~ 2 ~  (33} I a l  ) = a 0 ) w ( a l  ) -- Go/ 
Go 

(3a) < ma~V(33) 1 a ~  ) = Go), 
- -  Go 
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where Go ranges over all graphs on V(Gp) with e(Go)= (1 §162 and 

such that  (30) holds for all E C  E(Go) with A= [E[/p1 (~). We now fix one such GO 

and proceed to show an upper bound for (33). For each F0 C E(G0),  let 

(34) , F(j) G(I ) p/ ( j ,  Go, Fo) = Y ( G  E ~ j ,  = F0l  = Go). 

Then 
(35) 

E P'(j, Go, Fo) <_ 2 (l+e)~(~) max P'(j, Go, Fo). 
FoCE(Go) FoCE(Go) 

We now fix Fo and estimate the last term in (35) from above. We may of 

course assume that  PI(j, Go,Fo)> 0 for the fixed triple (j, Go,Fo) under consid- 
eration, as otherwise there is nothing to prove. Thus we may in particular assume 
that  IFoI/Pl (~) _ (2/3)(1 +77). Let us write ~ ' ( j ,  Go, Fo) for the set of G Eft3} such 

that  Gp(J)= Go and F(J)= FO. To show that  PI(j, Go, Fo) is small, we argue that  

ifG=krG(i)'p~jl<i<k E2'(j, ao,Fo), then the edges of the graphs G(pip ( i# j ,  1 _<i<k)_ 
are distributed in a rather unlikely way. 

Let P2 be such that  1 - P 2  = ( 1 - p l )  k - l ,  and note that  then p2/ (k -1 )  _< 

Pl = (1 + o(1))p2/(k-1). For any given G = (G(pip)l<i<k ~ 9, we write G(p-~ j) 
for will G( i)p~, where the union is taken over a l l i 5 5 j  ( l < i < k ) .  Thus G(~ j) is a 

random element from N(n,p2), and Gp = G(p~ ) U G(p~ j). Note also that  if G EfY, 

then e(G(~ j)) < (1 + 2e)p2 (~). 

For any G = (G(ip)l<i<k E a, let F '  = F'(G) =- E(G(~ j)) A E(IIFo ). Also, 

let I' : / ' ( G )  = IF'I for any G E a .  Clearly, f '  = i f ( G )  (G E 9)  is binonfially 

distributed with parameters  e(IIFo) and P2. In fact, it is clear that  f '  = f '(G) 

has this distribution even if we condition on G being such tha t  G(p/) = Go. We 
now verify the following claim, from which we shall deduce an exponential upper  
estimate for P~(j, Go,Fo). In the sequel, we write EGo for the expectation in the 

space aA{G: G (j) =G0}. 

Claim. If G E ~' (j, Go, Fo ) then f '  < (1 - r/)Eao ( f ' ) .  

P roof  of the Claim. Let us fix (3 = (G(1))l<_j<_k E ,~'(j, Go,Fo). Let F (~j) = 

-= F n E r G  (-~j)~ and put f(-~J) = f (~J ) (G)  = ]F(-'Y)[. Clearly F(~y) U F(~J) (G)  ~ p2 J, 

F I C E(G(~ j)) and, since F spans no /(4 we have F(  -~j) V/F / = ~. Thus we 
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have s(~5) + S' _< e(C~.~ j)) -< (1 + 2~)p2 (~), and hence 

(3S) f '  _< (1+ 2~-  ~/~J/)p2(:),  

where 3, (-~j) =7(~J)(G)= f(~J)/P2(~). We now show that 7 (-9) is suitably large. 

We have f = I•1 _< f (j) + S (~j), and hence 

2 +~, < ~(J)e(Pl;5!p)_~_ ~v(-~j) P2(~) < 1 (1 + z ~  (7(j) + (k - 1)7 (~j)) 
- " e(%) ~ \ 1 - ~ /  i 

Therefore 

1 s) + ~(-~J), 2 (l + ~) < ~',/(J) -t- ~-~/(-~J) < ~.~/* -}- ~ / ( - ~ J )  < ~.. (1§ 

where the last inequality follows from (32). Thus we conclude that 31(~j) > 2/3. We 
now note that Ft =EGo (S') =p2e(IIFu) >-- (27*-l-or)p2 (5)" Note that, in particular, 
by (31) and the choice of or, we have (1/3)p2(~) < # <_ P2(~). Let b denote the 
right-handside of (36). Then 

( p - b >  2 7 * - l - a - l - 2 s +  P2 2 

> - 2 s - o r  P2 2 - - 

and therefore f /<  b< (1 - ~7)]~, as claimed. 
We now use our claim to bound P~(j, Go, Fo), which, we recall, is defined in (34) 

above. Recall also that f','oBi(e(IIFo),p2). We have 

P'(j ,  G0, F0) <IP{f '<_ (1-~I)IEGo(f')IG(J)-=G0} <_exp -~?~#  , 

where, as remarked before, tL = ~Eao ( f ' ) =  e(IIFo)p2 > (1/3)p2(~).  Thus, from (35) 
we deduce that 

(J3~, G(pJ)= G0)<_ 2(1+s)}(2)exp {--1~] 2 ( 1 - - ~ ) P ( 2 ) }  

: e x p { ( ( l + e ) ( l ~  ~--1r12) ~ ( 2 ) } 6  

--<exp{-~2 ( l - - ~ ) r l 2 P ( : ) }  

_< 
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We now recall (33) to deduce that P ' ( 2 } ) <  exp{-rl2pn2/30} =o(1),  completing the 

proof of Lemma 18. | 

n --1 We next show that,  loosely speaking, the quantity ex(G~,p,H){p(2)  } is 
non-increasing in probability for any fixed graph H. In particular, this shows that  
Lemma 18 implies Theorem 2. 

Lemma 19. Suppose 0 <p =p(n)  < 1, 0 < V=7(n )  < 1, and 0 < e = s(n) < 1 are such 
that r --~ oo as n ~ oo. Suppose also that Gn,p --+3" H holds almost surely for 
some graph H. Ttlen, i f  O <_ pt =p~(n)<  1 is such that p1> p for all large enough n, 
we almost surely have On, p, --~?(l+e) H. 

Proof. ~rrite 7 ' =  7 ' ( n ) =  V(1+r Let p'= p'(n) be as in the statement of our lemma. 
Suppose for a contradiction that Gn, p, '->7' H fails with probability at least 0 > 0 tbr 

arbitrarily large values of n, where 0 is some positive absolute constant. Put  A = 
A(n) =p(n)/p'(n) < 1. Note that we may generate G~,p by first generating G,~,p, and 

then randomly removing its edges, each with probability 1 -  A, and with all these 
deletions independent. Looking at this method for generating G~,p, we shall deduce 

below that  the probability that  (*) Gn,p -+7 H fails is at least 0/3 for arbitrarily 
large n, which is a contradiction. 

Let 5 = e/4. For arbitrarily large n, with probabiIity at least 20/3 we have 

that (t) Gn,p, ~7' H fails and e(Gn,p,)= (1 + 01(~))p'(~). Suppose that,  when 

generating Gn,p by the above method, we first generated a Gn, p, satisfying (t) 

above~ Let J = J(Gn,p') C Gn, p, be an H-free subgraph of Gn, p, with e(J) >_ 

7'e(Gn,p, ). C|early, the H-fi'ee subgraph J,x = JNGn,p of J is a subgraph of 

our Gn,p. We have e(YA)= (1+O1 (6))Ae(J) and e(Gn,p)= with 

probability 1 -  o(1), and hence we have e(J),)_>"/e(Gn,p) with probability 1 -  o(1). 

Therefore, given that Gn, p, satisfies (t) above, the probability that  we generate 

a Gn,p for which (*) fails is 1 - o(1). Since the probability that  we generate Gn,p 
satisiying ()) is at least 20/3 for arbitrarily large n, we conclude that  our Gn,p will 

fail to satisfy (*) with probability at [east 0/3 for arbitrarily large n, which is the 
contradiction we were after. | 

P roof  of Theorem 2. Theorem 2 follows at once from Lemmas 18 and 19. | 

A simple variant of the method used in the proof of Lemma 19 gives the 
following :equivalence result' between the binomial and the uniform models of 
random graphs with respect to the property G--~7 H. 

Lemma 20. Let H be a graph. Consider the following two assertions. 
Sbin(V,p ) : On,p --+3' H holds ah~ost sure]y, 

S u n i f ( 7  , M )  : Gn, M ---~3" H holds almost surely, 
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where  0 < = < 1, 0 < p = < 1, and 0 < M = < (5)  rbit,'   y 

fimctions. Suppose a = a (n)  -~ oo as n ~ oo. Then the following holds. 

(i) Suppose pn ~ ~ 0% ~ = o(npl/2),  and h = h(n) = anp ~/2, Let  ~ / =  7t(n) = 3' + 

2 h / M  t and JVI'--= ~/ / ' (n ) -=  [p(~) -b ]t~. r h e l l  Sbin(" / ,p)  il~]plies Sunif (3 / ,~ / / t ) .  

(ii) Suppose M = M ( n )  -~ co, aJ = o(MU2) ,  and h = h(n) = tom 1/2. 

Let ~/ = 7'('rt) = 7 + 2h/~],  and p' = p'(n) = ( M - k  h)(~) -1.  r1?en Sunif(V,~/l) 

implies Sbin (^J,pt). 

Proof. Let us prove (i). Assume Sbin(7,p) holds. We may generate Gn,M' by first 

generating Gn,p conditioned on the event E = {e(Gn,p) <_ Mr}, and then randomly 

adding M ~-  e(Gn,p) edges to it so as to have a graph with M ~ edges. For clarity, 

let us write G E for our binonfial random graph Gn,p conditioned on E.  Note 7~p 

that  P(E) = 1 -  o(1), and hence the effect of conditioning on E is, so to speak, 
negligible. We now claim that  Gn, M, - ~ . / H  holds with probabili ty 1 - o(1). 

Suppose our claim fails, and hence, for arbitrarily large n, there exists with 
probability at least 0 > 0 an H-free subgraph J C Gn, M, of Gn, M, with e ( J )  _> 

71e(Gn,M ,), where 0 is some positive absolute constant. Observe that  if J C G.n,M, 

is an H-fl'ee subgraph of Gn.M, then, obviously, j i  J 0 G E �9 , = n,p C GEn,p is an H-  

free subgraph of GZn,p" Now note that  ahnost surely we have M'  - e(GEn.p), _< 2h, 

and hence almost surely ex (GNu,p, ]:[) > ex (Gn,M,, H)  - 2h. Since we are assuming 

that  ex (Gn ,M, ,H  ) >_ 7~e(Gn,M,) with probability 0 > 0 for arbitrari ly large n, we 

have 

with probability 0/2 for arbitrarily large n. Since OEp is the binomial 

random graph Gn,p conditioned on the almost sure event E,  we deduce 

that  ex(Gn,p ,H)  >_ ~/e(Gn,p) with probability at least 0/3 tbr arbitrari ly large n, 

contradicting Sbh ~(%p). Thus Sm~if(V', M')  follows. The proof of (ii) is sfinilar. | 

P roof  of Corollary 3. Corollary 3 follows easily from Theorem 2 and Lemma 20. | 

5. Determinis t ic  Consequences  

In this section we give a few results concerning the existence of very sparse 

graphs G=GTj that  satisfy G---+2/3+7tK 4 for any fixed 7 > 0 .  

If H is a graph of order IH] > 3 and size e(H) > 1, recall that  its 2-density 
is d2(H) = (e(H) - 1) / ( tH ] - 2). For an integer k > 3, let J ~  be the tamily of all 
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graphs H w i t h  3< IHI <_k, e(H)>_ 1, and d 2 ( H ) >  d2(K4). Also, let Forb(Ygk) be 
the collection of all graphs G that  are H-free for all H EbY k. The following result 
may be proved by the so called 'deletion method' .  (For details, see [8, 9].) 

Theorem 21. Let 0 < ~l <- 1/3 and k >_ 3 be fixed. Then there exists a graph G = 

G,7,/~ c Forb (Yfk) such that G-+2/3+71K 4. | 

\~Te now single out a corollary to Theorem 21. In Corollary 22 below, the 
property that  G belongs to Forb(oCt'~) in Theorem 21 is replaced by a collection 
of simpler and more concrete conditions. For instance, one of these conditions is 

that  G should not contain a copy of K 5. To s ta te  another condition that  appears 
in Corollary 22, we need to introduce a definition. 

Let G be a graph. Suppose K I , . . . , I (  h (h >_ 2) are distinct copies of I(  4 
in G, and el EE(I(1), . . . ,eh_l cE(I(h_I)  are h - 1  edges of G such tha t  E( I f i )  A 
Ul<_j<i E(Kj) = {ei-1 } and v(tfi)nUl<j<i v ( I f j )  = V(ei) for all 2 < i < h. Then we 

say tha t  ([(1,... ,Kh) is an (h, Ka)-path in G. Now assume that  (IQ,. . .  ,Kh) is an 

(h, I(4)-path in G and that  the edge e C E(G) joins a vertex in V(IQ)\UI<j<h V(Kj)  

to a vertex in V(I(h)\Ul<i<hV(Ki). Then, (I(1,... ,Kh;e ) is said to be an (h, K4) - 

quasi-cycle in G. 

I t  is iminediate to check that  if (K1,.. . ,I(h) is an (h, K4)-path,  then II = 
Ul<_j<<_hE~ has 2-density d 2 ( H ) =  d.9(K4). Also, if (I(1,...,I(h;e) is an (h, K4)- 

quasi-cycle, then H ~ = H + e has 2-density d2 (H  ~) > d2 (K4). 

Corollary 22. For any 0 < 'r l < 1/3 and k _> 1, there is a graph G = G~, k such that 

(i) G contains no K 5, (ii) any two copies of i(4 ill G share at most  two vertices, 
(iii) G contains no (h, K4)-quasi-cycles for any 2 < h < k, and (iv) G-%9/a+,j ](4. | 

We remark that  Erdhs and Ne~etf'il have raised the question as to whether the 
graphs G~j,k as in Corollary 22 exist. 

6. A C o n j e c t u r e  

In this short paragraph we state a conjecture from which, if true, one may 

deduce Conjecture 1. Let H = H h be a graph of order IHI = h >_ 3 and suppose H 

_ /V~ .~1~ b e  a has vertices Vl, . . . ,v  h. Let 0 <p=p(m)  < 1 be given. Let also V =  t ~J/=l 
family of h pairwise disjoint sets, each of cardinality m. Suppose reals 0 < e _< 1 
and 0 < 7 <- 1 and an integer T are given. We say that  an h-part i te  graph F 
with h-parti t ion V(F)=  V1 U.. .  O V h and size e(F)= IF I = T is an ( e , 7 , H ; V , T ) -  
graph if the pair (V/, Vj) is (c,F,p)-regular and has p-density ~/<- dF, p(Vi,Vj) <_ 2 
whenever vivj E E(H). 
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Conjecture  23. Let constants 0 < a <_ 1 and 0 < 7 < 1 be given. Then there are 

constants r  and C = C ( a , 7 )  such that, if p=p(m)  > Cm -i/d'~(H), the 
number of H-free (e, 7, H; V,T)-graphs is at most 

for all T and ali sutliciently large m. 

If  H above is a forest, Conjecture 23 holds trivially, since, in this case, all 
( e , % H ; V , T ) - g r a p h s  contain a copy of H.  A lemma in Kohayakawa,  Luczak,  
and RSdl [13] may be used to show tha t  Conjecture 23 holds ['or the case in 

which H = K a. In fact, this lemma from [13] is similar in spirit to L e m m a  8 
above, a l though much simpler. 
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